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Abstract
In the Wendelstein 7-X stellarator, the relative importance of turbulent transport has
increased thanks to the reduction of neoclassical transport. Understanding turbulent
transport is therefore one of the most important steps in stellarator research. Experimental evidence suggest that the level of turbulent transport is linked to the density
regime at which W7-X operates. For instance, although absolute measurements
of density fluctuations are proportional to the density due to the gyro-Bohm scaling, the Doppler reflectometry system shows that the level of density fluctuations
in high-density discharges can be up to one order of magnitude larger compared to
low-density discharges, which is more than one would expect from their 30% density difference. Investigation into the density regimes and their effects on transport
is ongoing. However, nonlinear simulations of the turbulent transport in W7-X are
scarce. In this thesis, we take two representative discharges (one with low density
and one with high density) in which the Doppler reflectometry measures very different density fluctuation levels and calculate, by means of gyrokinetic simulations,
the linear growth rates and nonlinear heat fluxes in order to investigate whether the
experimental observations reflect on these quantities.
The problem is addressed with the gyrokinetic code stella [1] and discussed
for a wide range of wavenumbers as well as for the specific wavenumbers where
the Doppler reflectometry system performs measurements. Linear simulations of
gyrokinetic turbulence show that the microinstabilities in the low-density discharge
are more unstable than those of the high-density discharge, which is well understood based on the normalized gradients and electron to ion temperature ratio each
scenario exhibits. However, nonlinear simulations indicate that for some radial positions, the low-density discharge has lower heat fluxes, which goes beyond the
gyro-Bohm scaling. Anyway, the difference in growth rates within the accessible wavenumbers of the Doppler reflectometry system and the difference in heat
fluxes of the two discharges is small and not capable of explaining the difference
in density fluctuations which reaches up to one order of magnitude. Moreover,
the discharge with lower growth rates (high-density) corresponds to the discharge
where the Doppler reflectometry system finds stronger fluctuations, which question
the idea that stronger fluctuations are expected for linearly more unstable scenarios. Therefore, it seems that the measured difference in density fluctuations is not
observed in growth rates and heat fluxes. This indicates that it is possible that the
observed difference in fluctuations is due to a delocalization of density fluctuations
in one regime respect to the other in the vicinity of the range of measurement of the
Doppler reflectometry system, which should be addressed in future work.
Keywords: Gyrokinetics, Turbulence, Transport, Stellarator, Magnetic confinement
fusion, Instabilities, Linear stability, Nonlinear heat flux

i

Contents
1

Introduction
1.1 Modeling of microinstabilities in strongly magnetized plasmas . . .
1.2 Contribution and scope of this thesis . . . . . . . . . . . . . . . . .

2

Gyrokinetic theory and stella
2.1 Kinetic description of plasma . . . . . . . .
2.2 Electrostatic δf gyrokinetics for stellarators
2.2.1 Orderings and assumptions . . . . .
2.2.2 Gyrokinetic equations . . . . . . .
2.2.3 Flux tube approximation . . . . . .
2.3 The δf -gyrokinetic code stella . . . . .

1
4
5

.
.
.
.
.
.

7
8
9
10
10
12
13

3

Understanding microturbulence in W7-X with gyrokinetic simulations
3.1 Magnetohydrodynamic equilibria of W7-X . . . . . . . . . . . . .
3.2 Turbulent transport in different density regimes of W7-X plasmas .
3.3 Physical parameters of a low- and high-density discharge in W7-X .
3.4 Linear simulations of different density regimes in W7-X . . . . . .
3.4.1 ITG modes with adiabatic electrons . . . . . . . . . . . . .
3.4.2 Analysis including kinetic electrons . . . . . . . . . . . . .
3.5 Nonlinear simulations of different density regimes in W7-X . . . . .
3.5.1 ITG modes with adiabatic electrons . . . . . . . . . . . . .
3.5.2 Analysis including kinetic electrons . . . . . . . . . . . . .

15
16
17
20
24
25
31
39
40
44

4

Conclusions and Future work

47

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

A Normalized quantities

51

B Influence of the parallel simulation domain

53

iii

Chapter 1
Introduction
By the middle of this century, society will reach the critical point where the world
energy supply will no longer keep pace with the demand [2]. Population growth and
economic development combine to drive energy demand ever upward. Sticking to
our old energy paradigm, and its dependence on fossil fuels, will lead to increasing
risks of energy security, pollution, price volatility, and catastrophic climate change.
Therefore, the development of a new, virtually limitless, clean source of energy
is crucial for our society to continue to flourish. Research is being carried out to
investigate the feasibility of a potentially new energy source on earth, namely the
nuclear fusion of light elements, in fact the same energy that fuels the sun.
Among the different possible reactions, the fusion of two hydrogen isotopes,
deuterium (D) and tritium (T), has the highest nuclear cross-section and is thus considered for future fusion reactors. The cross-section is also known as the reaction
rate since it is directly proportional to the probability that a process happens. During
the deuterium-tritium fusion reaction:
D+T

−→

4

He (3.5 MeV) + n (14.1 MeV)

(1.1)

a helium nucleus (He) is produced, accompanied by the release of a neutron (n).
During this reaction, part of the mass is converted into kinetic energy (17.6 MeV).
Nuclear fusion has certain advantages compared to fossil fuels, renewable energy sources and its nuclear counterpart – fission. First of all, the fusion fuel is
sustainable: deuterium and tritium are extracted from seawater and lithium respectively, which are abundant enough to provide energy to our society for thousands of
years. Moreover, one gram of this deuterium-tritium fuel generates the same amount
of heat as 11 tonnes of coal [3] and it does not emit greenhouse gases like carbon
dioxide into the atmosphere, nor does it produce long-lived radioactive waste. Finally, there is no risk of a meltdown like with fission reactors and energy production
does not depend on the weather like most renewable energy sources.
To fuse together two hydrogen nuclei in a lab, the Coulomb barrier needs to
be overcome, which prevents charged nuclei to fuse under normal circumstances.
When the nuclei are within 10−15 m of each other, the strong attractive nuclear force,
that binds protons and neutrons together in the nucleus, becomes dominant and pulls
the particles together, causing them to fuse. Even on a perfect collision course, the
1
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two nuclei need to have a velocity of around 20 million meters per second to get
sufficiently close to each other. In order for the nuclei to reach these velocities, the
fusion fuel must be heated to extremely high temperatures of the order of hundreds
of million degrees Celsius. Additionally, these collisions need to occur very frequently to achieve a high fusion rate, requiring the fuel to be dense enough. Finally,
in order to sustain the fusion reactions and produce a net output power, the energy
inside the plasma needs to be contained for a long enough time. These three criteria
are linked to a critical temperature Ti of the ions, a critical density n and a critical
energy confinement time τE of the plasma. In 1957, Lawson [4] derived an expression for the minimum value of the triple product, nTi τE , required to produce net
energy from fusion reactions, which reads for a deuterium-tritium plasma:
nTi τE > 5 · 1021 m−3 keV s

(1.2)

At the temperatures required for nuclear fusion, it is impossible to keep the
plasma confined by means of a physical barrier. Moreover, good confinement is
crucial in order to satisfy the triple product. There are three main methods to achieve
plasma confinement: gravitational, inertial and magnetic. In stars, like our sun, the
confinement is due to their gravitational field, creating a high-density plasma for
billions of years. However, such kind of confinement is not possible on Earth.
Instead, hydrogen pellets can be compressed by means of a strong laser or particle
beam to create a high-density plasma for less than a billionth of a second, which
is called inertial confinement. The third method is called magnetic confinement
fusion, which is the most developed method to achieve controlled nuclear fusion for
producing useful amounts of energy. Strong magnetic fields are employed to trap
the plasma, preventing the scorching temperatures from melting the reactor walls,
and creating a low-density plasma for seconds.
When the atoms that make up the fusion fuel have enough energy to overcome the electrostatic repulsion, the electrons in an atom become detached from
the atomic nucleus, forming an ionized gas called a plasma, consisting of positive
ions (nuclei) and negative electrons, which is overall neutral. Magnetic confinement fusion takes advantage of the fact that the charged particles which constitute
the plasma follow magnetic field lines by orbiting around them. The circular motion around the field lines of a magnetic field B, of apcharged particle of species s
with mass ms , charge qs and thermal velocity vth,s = 2Ts /ms , is characterized by
its gyrofrequency Ωs = qs B/ms and gyroradius ρs = vth,s /|Ωs |. Their trajectories
are essentially constrained to the magnetic field lines inside a torus-shaped reactor,
which lie on nested magnetic flux surfaces S with normal n, which are defined as
B(r) · n(r) = 0

∀r ∈ S

(1.3)

The plasma is confined by a magnetic field by establishing an equilibrium between the plasma pressure and the magnetic forces, for which it is necessary to have
a rotational transform of the toroidal magnetic field [5]. The rotational transform, ι,
is a measure of the average twist or pitch of field lines on a flux surface,
ι=

dΨP
dΨT

(1.4)

3
where the poloidal flux is defined as the flux passing through a surface Spol of constant poloidal angle θ – the poloidal angle is the angle along the short direction of
the torus. Similarly, the toroidal flux is the flux passing through a surface Stor of
constant toroidal angle ζ, which is the angle around the long direction of the torus.
The poloidal and toroidal flux at a radial position ψ are therefore given by
ZZ
ZZ
Ψpol (ψ) =
B · n dS
Ψtor (ψ) =
B · n dS
(1.5)
Spol (ψ)

Stor (ψ)

According to Spitzer [5], there are three ways to twist the magnetic field: (i)
creating a poloidal field by driving a toroidal current; (ii) rotating the poloidal crosssection of stretched flux surfaces around the torus; (iii) making the magnetic axis
non-planar. While tokamaks use the first approach, stellarators usually rely on the
latter two methods. These two types of reactor concepts are depicted in figure 1.1.
Tokamaks are rotationally symmetric and rely on a large toroidal current to generate
the poloidal field and achieve confinement. However, this makes the device vulnerable to current-driven instabilities and difficult to operate in a steady state. Stellarators, on the other hand, are non-axisymmetric and employ three-dimensionally
shaped magnetic field coils to twist the field and confine the plasma, therefore, they
are inherently current free, and thus, able to operate in steady state.
In order to satisfy the Lawson criterion (1.2) and achieve feasible nuclear fusion, it is important to understand and reduce the transport of heat, particles and
momentum across the confining magnetic field. There are two types of transport
processes that lead to substantial energy losses in both stellarators and tokamaks.
The combination of Coulomb collisions and the magnetic geometry give rise to the
so-called classical and neoclassical transport. However, it is found that transport
often exceeds neoclassical expectations by an order of magnitude or more. The difference between the actual transport and the neoclassical expectation is believed to
result primarily from small scale and low frequency plasma instabilities, referred to
as microinstabilities, which are driven by temperature and density gradients. The
understanding of microinstabilities and the associated turbulence is an important
element in achieving controlled nuclear fusion, as it directly impacts the energy
confinement time. The study of this so-called microturbulence, with the use of numerical codes, is the subject of the present thesis work.

(a) Tokamak: the transformer in the middle
gives rise to a plasma current (red).

(b) Stellarator: a series of twisted magnet
coils (blue) surrounds the plasma (purple).

Figure 1.1: The two main reactor concepts for magnetic confinement fusion are (a) tokamaks and (b) stellarators. A magnetic field line is highlighted in black and the plasma is
shown in purple. [source: Max-Planck Institut für Plasmaphysik]
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Modeling of microinstabilities in
strongly magnetized plasmas

The plasma in a fusion reactor might be unstable to perturbations with wavelengths
comparable to the ion gyroradius ρi and frequencies smaller than the cyclotron
frequency Ωi . Due to their size, these instabilities are called microinstabilities
[6], which encompasses a large variety of destabilizing mechanisms which arise
from the different dynamics of electrons and ions in an inhomogeneous magnetized plasma. Magnetically confined high temperature plasmas are not only unstable
to various linear microinstabilities, but often non-linearly self-organize themselves
into more energetically favorable states. Because of the long range of electrostatic
interactions, charged particles tend to move collectively, forming non-equilibrium
collective structures such as waves, modes, and eddies, non-linearly interacting with
each other. Due to these nonlinear mechanisms, microinstabilities saturate at low
amplitudes, resulting in a steady level of fluctuations. The primary issue of microinstabilities is this nonlinear, or saturated, state, since the fluctuating electric
fields produce turbulent transport across the magnetic field lines, which can greatly
enhance the particle and energy losses out of the confined plasma volume. This
fluctuation-induced transport due to saturated finite-amplitude plasma microturbulence is believed to be the dominant contribution to turbulent transport.
Microinstabilities can be classified into various modes according to the variety
of the free energy source, their accessibility mechanism and the magnetic geometry of the system. While there are various ways to excite instabilities in plasmas,
the observed turbulent fluctuations in fusion reactors are believed to originate primarily from microinstabilities that are driven by the expansion of the free energy
source stored in the density gradient, the ion temperature gradient (ITG) and the
electron temperature gradient (ETG) through various wave-particle resonant interactions. The structure of the magnetic field allows for the existence of magnetic
mirrors, where particles with a low parallel velocity compared to the transverse
one become trapped. Electron drift waves [7] that are destabilized by magnetically
trapped electrons are called trapped electron modes (TEM).
In order to predict the turbulent transport contribution in a fusion reactor, numerical codes are developed that are capable of simulating microturbulence. An accurate treatment of microinstabilities requires a kinetic model describing the evolution
of each electron and ion species in the six dimensional phase space. The problem is
simplified by averaging the trajectories of particles over the fast cyclotron rotation
around the magnetic field, thus dropping the information on the gyrophase – which
is the angle of the circular motion around the magnetic field lines – and reducing the
phase space from six to five dimensions. In the frame of this so-called gyrokinetic
theory, which is explained in detail in chapter 2, it is possible to study microinstabilities and their associated turbulence. In order to reduce the necessary computational power required to carry out a simulation, only a reduced simulation domain
corresponding to a narrow plasma volume aligned with the magnetic field lines is
considered, which is the so-called flux-tube approach [8], resulting in a 2D problem
in the collisionless and linear limit. Significant contributions to the understanding
of microinstabilities have been made possible thanks to this approximation.

1.2. Contribution and scope of this thesis

1.2
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Contribution and scope of this thesis

Due to the recent progress made in reducing the neoclassical transport in advanced
stellarators like Wendelstein 7-X, attention is now turning to understanding the effects of three-dimensional geometry on microturbulence. Operating in high-density
regimes is necessary to achieve a high triple product nTi τE , however, it has been observed that higher densities in gas-fuelled discharges with flat density profiles leads
to an increase of turbulent transport, which in turn reduces the energy confinement
time [9,10]. This suggest that the level of turbulent transport is related to the density
regime in which the reactor operates. For instance, although absolute measurements
of density fluctuations are proportional to the density due to the gyro-Bohm scaling, the Doppler reflectometry system shows that the level of density fluctuations
in high-density discharges can be up to one order of magnitude larger compared
to low-density discharges, which is more than one would expect from their 30%
density difference. Investigation into the density regimes and their effects on transport is ongoing, however, nonlinear simulations of the turbulent transport in W7-X
is scarce. Therefore, the goal of this thesis is to investigate by means of both linear and nonlinear simulations, with both adiabatic and kinetic electron treatments
whether gyrokinetic simulations, based on two discharges examined with Doppler
reflectometry, yield comparable differences in linear stability and heat fluxes.
The problem of gyrokinetic turbulent transport driven by microinstabilities in
stellarators is addressed with the gyrokinetic code stella [1], which is capable of
evolving electrostatic fluctuations with fully kinetic electrons and an arbitrary number of ion species in general magnetic geometry. Gyrokinetic theory is the suitable
mathematical framework to describe turbulence in strongly magnetized plasmas,
which is explained in chapter 2. In chapter 3, two sets of profiles based on discharges of Wendelstein 7-X, characterized by different levels of density fluctuations,
are simulated with stella. A third profile is created artificially by combining the
plasma parameters of the low-density and high-density discharges, in order to isolate the influence of the magnetic field and ion temperature profile on one hand, and
the influence of the density and electron temperature profile on the other hand.
The instabilities present in these discharges are numerically characterized depending on their conditions, parameters and magnetic configuration by means of
both linear and nonlinear simulations and by treating the electrons both as adiabatic and kinetic. The linear analyses entail the calculation of linear growth rates
and the identification of the dominant instability which could either be driven by
the ion temperature gradient (ITG), the electron temperature gradient (ETG) or the
density gradient, which are trapped electron modes (TEM). The plasma parameters
are scanned in order to determine their stabilizing or destabilizing effects on the
growth rates of the modes, which is used to analyze the linear stability of the different discharges. Moreover, the influence of the magnetic field is examined. The
linear quantities are denormalized and calculated within the accessible wavenumbers of the Doppler reflectometry system in order to correlate linear growth rates
with measurements of the turbulent fluctuations. Finally, nonlinear simulations are
used to calculate the heat fluxes in the different discharges.
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Chapter 2
Gyrokinetic theory and stella
The main goal of modeling plasma turbulence in a fusion device is to determine, for
a given set of plasma profiles, how much heat, momentum or particles leave the device as a result of that turbulence. In principle, the description of plasma turbulence
requires to solve the six dimensional Vlasov equation for each species, coupled
to the Maxwell equations (Sec. 2.1). It is generally assumed that turbulent transport is driven by microinstabilities, which are usually characterized by evolving on
timescales that are much faster than the evolution of the plasma equilibrium, but
much slower than the inverse of the gyrofrequency. As a result, the fast cyclotron
time scale can be eliminated by performing a change of coordinates. This is the basic idea behind gyrokinetic theory (Sec. 2.2) and reduces the original 6-dimensional
kinetic problem into a 5-dimensional problem plus time.
The microinstabilities responsible for high levels of transport are generally characterized to be very elongated along the magnetic field lines, while only having a
small scale perpendicular to the magnetic field. The problem is therefore further
simplified by using a local approximation: the behavior of the turbulence is calculated within a small region of the fusion device called a flux tube (Sec. 2.2.3),
which has the same scale separation as the microinstabilities. Moreover, in the absence of collisions and magnetic perturbations, the magnetic moment – defined as
2
µ = v⊥
/2B with v⊥ the velocity perpendicular to the magnetic field and B the magnetic field strength – is an adiabatic invariant. As a result, the gyrokinetic equations
only contain derivatives with respect to the coordinate along the magnetic field line,
the parallel velocity, and time – reducing the problem to two dimensions plus time
in the linear limit whereas non-linearly the different modes interact with each other
which requires to take into account the two perpendicular dimensions as well.
Nonetheless, the gyrokinetic equations are too complex to be solved analytically due to the complicated geometry, the boundary conditions and the intrinsic
nonlinear character of the equations. The gyrokinetic equations therefore need to be
solved numerically with a large number of grid points, which requires gyrokinetic
codes that use state-of-the-art high performance computing techniques and that run
on highly parallelized computers. In this work, the gyrokinetic equations are solved
in the flux tube approximation by means of the gyrokinetic code stella (Sec. 2.3)
developed by Barnes et al. [1].
7
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Kinetic description of plasma

A plasma is made up of many particles – electrons, ions and neutrals – each of
which moves under the influence of external forces (electromagnetic fields, gravity)
and internal collision processes (ionization, Coulomb, charge exchange etc.). There
are basically three levels of description for such a system: the exact microscopic
description, the kinetic theory and the macroscopic or fluid description. Each level
can be obtained by taking successive averages. For a system of 1020 particles, the
microscopic description requires to write down the equation of motion for each
particle, adding the interaction between particles, and solving for all 1020 interacting
trajectories. Such a description is in principle exact, however, it is intractable.
In kinetic theory, each particle is characterized in by its position r and velocity v.
The microscopic information is averaged out to obtain statistical, kinetic equations.
The distribution function fs (r, v, t) of species s is defined such that,
fs (r, v, t) dr dv = dN (r, v, t)

(2.1)

is the number of particles in the element of volume dV = dr dv in phase space.
The kinetic description can be simplified by neglecting the interactions between
particles. This simplification is justified on short time scales during which Coulomb
collision effects are negligible. The evolution of the distribution function follows
from phase-space conservation, giving the Vlasov equation [11]:
∂fs
qs
∂fs
∂fs
+v·
+
=0
(E + v × B) ·
∂t
∂r
ms
∂v

(2.2)

where qs is the charge and ms is the mass of species s and E and B are the electric
and magnetic field, respectively. The Vlasov equation is coupled self-consistently
to Maxwell’s equations, which are given by
∇·E=

%
ε0

∇·B=0

(2.3)
(2.4)

∂B
= −∇ × E
∂t
1 ∂E
∇ × B = µ0 j + 2
c ∂t

(2.5)
(2.6)

where ε0 and µ0 are the permittivity and permeability of vacuum, respectively, and
c is the speed of light. Plasma effects enter the Maxwell equations through the
charge density % and current density j produced by the response of a plasma to
electromagnetic fields. The electromagnetic sources are given by,
X Z
X Z
3
%=
qs fs (r, v, t) d v
j=
qs fs (r, v, t) v d3 v
(2.7)
s

s

Equations (2.2)-(2.7) are the fundamental equations that provide a complete kinetic
description of a collisionless plasma, called the Vlasov-Maxwell plasma model.

2.2. Electrostatic δf gyrokinetics for stellarators

2.2
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Electrostatic δf gyrokinetics for stellarators

Although the Vlasov-Maxwell system is a reduced kinetic description compared
with the microscopic description, it involves enormous ranges of spatio-temporal
scales, thus, it is difficult to simulate low frequency phenomena such as microturbulence. The nonlinear gyrokinetic model has therefore been developed by eliminating high-frequency phenomena with ω & Ωs while keeping important kinetic
effects. The essence of the gyrokinetic model is the assumption that all dynamics of
interest are slow compared to particle gyration about a magnetic field – we restrict
our discussion to the electrostatic case, thus, the magnetic field B(r) is assumed to
be time-independent. This allows one to split the motion of a charged particle, in the
presence of a magnetic field B(r) and a fluctuating electrostatic potential ϕ(r, t),
into the fast gyromotion and the slow guiding-centre motion. The actual particle
position r is therefore given by,
r = R + ρs (R, µ, φ)

(2.8)

where R is the guiding-centre position and ρs = Ω−1
s b̂ × v is the gyroradius vector,
with b̂ the unit vector along the magnetic field and v the particle velocity. As spatial
coordinates we employ the magnetic flux coordinates {ψ, α, z}, in that order, being
a left-handed Clebsch system [12], in which the magnetic field can be expressed
as B = ∇α × ∇ψ. Here ψ is a radial coordinate labeling magnetic flux surfaces,
defined as ψ = sgn(Ψtor )Ψtor /2π where Ψtor is the toroidal flux and the addition of
the sign function allows one to simulate both clockwise as counter-clockwise magnetic fields. The angular coordinate, α = θ∗ − ιζ, labels magnetic field lines, with
ι the rotational transform, θ∗ the poloidal PEST angle [13] and ζ the geometrical
toroidal angle. Finally, z is a coordinate that measures distance along a magnetic
field line. We use as velocity coordinates {vk , µ, φ} with vk the velocity parallel to
2
/2B the magnetic moment per unit of mass where B is
the magnetic field, µ = v⊥
the magnetic field strength, and φ the gyrophase.
The kinetic model can be reduced by averaging over the fast gyro-motion of
charged particles, in order to eliminate the gyration angle φ as a phase space variable. This gyro-averaged kinetic model reduces the phase space from six to five
dimensions, which is illustrated in figure 2.1. Gyrokinetics thus describes the motion of charged rings as they stream along the magnetic field and slowly drift across
it. Derivations of the gyrokinetic model are abundant in the plasma physics literature (cf. [14–16]) and a detailed revision to high order in the gyroradius expansion
is given by Parra and Calvo in [17].

Figure 2.1: By eliminating the fast gyro-motion, the kinetic problem is
reduced from 6D to 5D. Image taken from [18].
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Orderings and assumptions

We restrict our attention to plasmas with sub-sonic mean flows and electrostatic
fluctuations so that to lowest order the electric field is given by E = −∇ϕ, and the
characteristic length of variation of the magnetic field is of the order of the characteristic macroscopic length (∇B ∼ 1/L). The use of δf -gyrokinetics relies on
a separation of space-time scales between the plasma equilibrium and the turbulent
fluctuations. This allows one to decompose the particle distribution function for
species s, denoted fs , into a mean component Fs and a fluctuating component δfs ,
i.e. fs = Fs + δfs . The fluctuating electrostatic potential is assumed to fluctuate
with some characteristic frequency ω of the turbulent fluctuations (∂t ϕ ∼ ω), and
to vary on the same length and time scales as microturbulence: the perpendicular
gradient is of the order of the gyroradius (∇⊥ ϕ ∼ 1/ρs ), while the parallel gradient
is of the order of the size of the device (b̂ · ∇ϕ ∼ 1/L). The reduction to 5 dimensional phase space is justified if the frequency ω of the turbulence is much smaller
than the gyrofrequency (ω  Ωs ), if the plasma is strongly magnetized (ρ  L),
and if the electrostatic potential is small compared with the characteristic energy of
2
particles (qs ϕ  ms vth,s
). These assumptions and orderings are summarized as,
kk
ρs
qs ϕ
ωs
∼
∼
∼
∼ kk ρi ∼ ρ∗  1
2
Ωs
L
k⊥
ms vth,s

(2.9)

where the gyrokinetic ordering parameter is defined as the normalized gyroradius,
ρ∗ = ρs /L, and kk and k⊥ are characteristic fluctuation wave numbers along and
across the magnetic field.

2.2.2

Gyrokinetic equations

The gyrokinetic equations are obtained by expanding the fundamental equations
(2.2)-(2.7) in the gyrokinetic ordering parameter ρ∗ , and averaging the equations
over the gyrophase. Let us apply the perturbation theory on the distribution function
fs = F0s + F1s + δf1s + . . .

(2.10)

with Fns ∼ ρns∗ Fs and δfns ∼ ρns∗ δfs . The zeroth order of the mean component,
F0s , is taken to be a Maxwellian in the energy Es = ms vs2 /2, given by
FM s (ψ(R), vk , µ) = ns (ψ(R))



3/2
ms
e−Es /Ts (ψ(R))
2πTs (ψ(R))

(2.11)

where we made the radial dependence of the density and temperature explicit.
The first order of the mean component, F1s , varies on large time and spatial
scales, and is therefore the so-called neoclassical or long-wavelength component.
Similarly, the first order of the fluctuation component, δf1s , varies on short time
and spatial scales, and is the so-called turbulent or short-wavelength component.

2.2. Electrostatic δf gyrokinetics for stellarators
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The gyroaverage of the turbulent component δf1s represents the distribution function of the guiding-centers, denoted by gs (R, vk , µ, t),
I
1
dφ δf1s (Rs , φ, vk , µ, t)
(2.12)
gs (R, vk , µ, t) = hδf1s iR =
2π
where the integral is performed holding Rs , vk and µ constant. In brief, upon gyroaveraging the Vlasov equation (2.2) and separating the space-time scales of mean
and fluctuating quantities in order to remove the Maxwellian and neoclassical contribution, one obtains the lowest-order, electrostatic gyrokinetic equation for the
distribution function of the guiding-centers:

∂gs
∂gs
µs
∂gs 
+ vk b̂ · ∇z
−
b̂ · ∇B
+ vM s + hvE iR · ∇⊥ gs
(2.13)
∂t
∂z
m
∂v
k

s

+ hvE iR · ∇|E FM s + vk b̂ · ∇z

Zs e ∂hϕs iR
Zs e
F M s + vM s
∇⊥ hϕs iR FM s = 0
Ts ∂z
Ts

where, unless noted otherwise, derivatives are taken at fixed guiding center position
R, parallel speed vk , and magnetic moment µ. Therefore the gyrokinetic problem
is simplified by only calculating the gyro-averaged first order turbulent component
hδf1s iR of the distribution function fs of species s, hence the name δf -gyrokinetics.
The guiding-center drift velocity vM s consists of the drift due to the magnetic field
gradient, v∇B , and due its curvature, vκ , with κ = b̂ · ∇b̂ the curvature vector,


b̂
× µ∇B + vk2 κ
(2.14)
vM s = v∇B,s + vκs =
Ωs
The lowest order, fluctuating E × B drift velocity is given by
vEs = B −1 b̂ × ∇hϕs iR

(2.15)

In the gyrokinetic equation (2.13), gs and ϕs are unknown. The system is closed by
coupling to Poisson’s equation (2.3). In the usual gyrokinetic ordering – in which
the Debye length is taken to be much smaller than the electron gyroradius – this
reduces to quasineutrality:
X
s

Z∞ Z∞ Z2π h
 i
Zs e 
ϕs − hϕs iR F0s = 0
Zs e dvk dµ dφ gs −
Ts
−∞

0

(2.16)

0

In order to solve these coupled equations, first, the gyrokinetic equation (2.13) has
to be solved separately for each species s. Afterwards, the resulting turbulent distribution functions gs , which depend on the unknown electrostatic potentials ϕs , are
substituted into the quasi-neutrality condition (2.16) to compute how each species
affects the electric field. Together these equations form the gyrokinetic-Poisson system of equations.
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2.2.3

Flux tube approximation

The turbulence driven by microinstabilities is generally characterized by long parallel wavelengths – along the magnetic field lines – and short perpendicular wavelengths. To exploit this scale separation, the gyrokinetic equation (2.13) is solved in
Fourier space. The turbulent distribution function gs and electrostatic potential ϕs
are Fourier expanded in the fast variation in ψ and α,
X
gs =
ĝs (ψ, α, z, kψ , kα , vk , µ, t) exp(ikψ ψ + ikα α)
(2.17)
kψ ,kα

ϕs =

X

ϕ̂s (ψ, α, z, kψ , kα , t) exp(ikψ ψ + ikα α)

(2.18)

kψ ,kα

where the wavenumbers are assumed to vary fast (L2 Bkψ ∼ kα ∼ 1/ρi∗ ), and the
Fourier coefficients, F[g](kψ , kα ) = ĝ(kψ , kα ), are assumed to vary slowly:
∂ψ,z ln |ĝs | ∼ ∂ψ,z ln |ϕ̂s | ∼ L−1

∂α ln |ĝs | ∼ ∂α ln |δ ϕ̂1s | ∼ 1

(2.19)

The coordinate α ∈ [0, 2π) is periodic, however ψ is not. We need to assume radial
locality in order to Fourier expand gs and ϕs in ψ. This is equivalent with assuming
that points that are separated radially by a distance on the order of the correlation
length, are statistically identical. As a consequence the equations are independent
of the radial boundary conditions, and they can be chosen to be periodic. The
gyrokinetic equation (2.13) for the mode ĝk,s (ψ, α, z, kψ , kα , vk , µ, t) is:
∂t ĝk,s + (vk b̂ · ∇z ∂z − µb̂ · ∇B ∂vk ) ĝk,s + ik⊥ · vM s ĝk,s − ikα ϕ00 ĝk,s
−

1
B

X
a ,k a ,k b ,k b
kψ
α ψ α

a
(ka⊥ × kb⊥ ) · b̂ ϕ̂k (kψa , kαa )J0 (k⊥
ρs ) ĝk,s (kψb , kαb )

b
ka
⊥ +k⊥ =k⊥

2
Ts0  ms (vk /2 + µB) 3 i
+ ikα ϕ̂k J0 (k⊥ ρs )
+
−
F0s (2.20)
ns Ts
Ts
2
Zs evk
Zs e
+
b̂ · ∇z ∂z [ϕ̂k J0 (k⊥ ρs )]F0s + i
vM s · k⊥ ϕ̂k J0 (k⊥ ρs )F0s = 0
Ts
Ts
where the perpendicular wave vector is defined as k⊥ = kψ ∇ψ + kα ∇α and
J0 (k⊥ ρs ) is the zeroth order Bessel function of the first kind. The gradient and
prime operator for a quantity f are defined by

h n0

s

∇f =

∂f
∂f
∂f
∇ψ +
∇α +
∇z
∂ψ
∂α
∂z

and

f0 =

∂f
∂ψ

(2.21)

The flux tube version of the quasi-neutrality condition, which relates ĝs (kψ , kα ) with
ϕ̂s (kψ , kα ), is obtained by Fourier transforming equation (2.16),
Z∞ Z∞
 v 2 
X
X Z 2 e2 ns 
s
2 th,s
= 0 (2.22)
Zs e dvk dµ ĝk,s J0 (k⊥ ρs ) −
ϕ̂k 1 − Γ0 k⊥
2
2πB
T
2Ω
s
s
s
s
−∞

0

where Γ0 (y) = e−y I0 (y) and I0 is a zeroth order Bessel function of the first kind.
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The δf -gyrokinetic code stella

The gyrokinetic code stella [1] solves the gyrokinetic-Poisson system of equations in a flux tube centered around a specific magnetic field line defined by (ψ0 , α0 ).
Within the flux tube the coordinate z measures the distance along the magnetic field.
Perpendicular to the magnetic field, two local coordinates, x and y, measure the distance from the magnetic field line at the centre of the flux tube. The fixed grid in
five-dimensional phase space (plus time) therefore consists of two velocity coordinates vk and µ, and three magnetic field-aligned coordinates x, y and z, which
are scaled versions of (ψ, α, z). This field-line following spatial coordinate system
(x, y, z) is developed by Beer et al. in [8], and defined here as
x=

sgn(Ψtor,0 )
dr
(Ψtor − Ψtor,0 )
(ψ − ψ0 ) =
dψ ft
2πr0 Br

(2.23)

y=

drα
(α − α0 ) = r0 (α − α0 )
dα ft

(2.24)

z=ζ

(2.25)

where the derivative is assumed constant within the flux tube and is therefore evaluated at the center of the flux tube (ft) – quantities evaluated at the centre of the flux
tube are denoted by an index 0, and Br is the reference magnetic field defined as
Br = 2|ψLCF S |/a2 . The radial coordinate r represents the effective minor radius,
r
Ψtor
(2.26)
r=a
ΨLCF S
which is a scaled version of the normalized toroidal flux, where a and ΨLCF S are the
effective minor radius and poloidal flux at the last closed flux surface, respectively.
The addition of r in the definition of y is used to have y as a length rather than an
angle-like coordinate. We can go from the wavenumbers (kψ , kα ) to (kx , ky ) via
kx = kψ

dψ
dx

ky = kα

dα
dy

(2.27)

In order to solve the gyrokinetic equations, it is convenient to normalize them
in such a way that the normalized quantities are of order unity. The reference temperature Tr , reference density nr and reference mass mr are those of the reference
species, which is not one of the species within the problem, for example ions or
electrons, but is a hypothetical species to whose properties all the properties of the
actual species are normalized. The properties of the reference species can easily be
calculated using the normalized properties of any actual species and the real values
of those properties for that actual species. In contrast, the reference charge, Zr , is
always equal to 1, thus, the normalized charge of electrons must always be set to -1.
A list of all reference quantities used by stella is given in table 2.1.
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The normalized gyrokinetic equation for Fourier component k is obtained by
multiplying equation (2.20) with the normalizing factor (a2 /ρr vth,r ) exp(−ṽ 2 )/F0s ,
and applying the normalizations defined in appendix A, where a tilde denotes normalized quantities. The normalized gyrokinetic equation solved by stella is
 ∂g̃
Zs ∂J0 (ak,s )ϕ̃k −ṽs2 
∂g̃k,s
k,s
˜
˜ B̃ ∂g̃k,s
+ ṽth,s ṽk b̂ · ∇z̃
+
e
− ṽth,s µ̃s b̂ · ∇
∂ z̃
∂ z̃
∂ṽk
∂ t̃
T̃s


Zs
2
(2.28)
+iωd,k,s g̃k,s + J0 (ak,s )ϕ̃k e−ṽs + iω∗,k,s J0 (ak,s )ϕ̃k + Nk,s = 0
T̃s
where ak,s = k⊥ ρr , and the non-linear term Nk,s , with J0 = J0 (ak,s ), is given by
i
Br dy dx h −1
−1
−1
−1
Nk,s =
Fk Fk [ik̃y J0 ϕ̃k ]Fk [ik̃x ĝk,s ]−Fk [ik̃x J0 ϕ̃k ]Fk [ik̃y ĝk,s ] (2.29)
2 dα dψ
Moreover, the factors ωd,k,s and ω∗,k,s are given by


T̃s
2
˜
˜
b̂ × ṽk (b̂ · ∇b̂) + µ̃s ∇B̃ · (ky ρr ∇y + kx ρr ∇x)
ωd,k,s =
Zs B̃
ω∗,k,s =

ky ρr
dy d ln FM s −ṽs2
aBr
e
2
dα dψ

(2.30)
(2.31)

The normalized quasi-neutrality condition for Fourier component k is obtained
by multiplying equation (2.22) with the factor (a/nr ρr ),
X
s

Z∞
 2B̃ Z∞

Zs
Zs ñs √
dṽk dµ̃s J0 (ak,s )g̃k,s + (Γ0 (bk,s ) − 1)ϕ̃k = 0
π
T̃s
−∞

(2.32)

0

Equations (2.28) and (2.32) are solved by the δf -gyrokinetic code stella by
means of an operator-split, implicit-explicit numerical scheme. Details on the space
grids, the numerical scheme and boundary conditions are given by Barnes in [1].
Table 2.1: Reference quantities used for the normalization in stella, with e the elementary charge and Tr , nr and mr the temperature, density and mass of the reference species.

,

Symbol

Definition

Reference quantity

Zr

1

Charge state

`r

a

Length

Br
vth,r

2|ψLCF S |/a2
p
2Tr /mr

Ωr

eBr /mr

Gyrofrequency

ρr

vth,r /Ωr

Gyroradius

Magnetic field
Thermal velocity

Chapter 3
Understanding microturbulence in
W7-X with gyrokinetic simulations
Wendelstein 7-X (W7-X) is a fivefold periodic stellarator with an average major
radius of 5.5 m, an effective minor radius of 0.5 m and a plasma volume of about
30 m3 . It is a so-called advanced stellarator, optimized for reduced neoclassical
transport, which has been confirmed by experiments performed in the first operation
campaigns of W7-X [19]. It is therefore expected that the turbulent transport is
the main cause of radial losses in plasmas where the neoclassical transport is not
sufficient to explain the experimental results [20].
In order to satisfy the triple product nTi τE it is necessary to operate in highdensity regimes (Sec. 3.2). However it has been observed that higher plasma densities lead to an increase in the turbulent transport, which in turn increases the amount
of heat, momentum and particles that leave the plasma core. Therefore, increasing the density reduces the energy confinement time [9], making it harder to reach
the triple product nTi τE required to produce net energy from fusion reactions and
to achieve reactor relevant scenarios. Research into the density regimes of W7-X
and its effects on the neoclassical and turbulent transport is ongoing. For instance,
Doppler reflectometry shows that the level of density fluctuations in high-density
discharges can be up to one order of magnitude larger compared to low-density discharges, which is more than one would expect from their 30% density difference [D.
Carralero, priv. comm.]. While gyrokinetic microinstabilities, which are assumed
to be in the origin of turbulent transport, have been studied extensively by linear
gyrokinetic simulations, see e.g. [6], the characterization of microturbulence with
non-linear gyrokinetic simulations is scarce.
This research is therefore focused on numerically characterizing the instabilities
present in two discharges, which were also examined with Doppler reflectometry,
depending on their magnetic configuration (Sec. 3.1) and parameters (Sec. 3.3) by
means of both linear (Sec. 3.4) and nonlinear (Sec. 3.5) gyrokinetic simulations
in order to investigate the influence of their plasma profiles on microturbulence.
Moreover, the nonlinear heat fluxes as well as the growth rates within the accessible
wavevector values of the Doppler reflectometry system are calculated in order to
investigate whether gyrokinetic simulations yield comparable differences in growth
rates and heat fluxes as the measured difference in fluctuations of the two discharges
which reaches up to one order of mafnitude between 0.55 < ρ < 0.7.
15
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Magnetohydrodynamic equilibria of W7-X

Neoclassical transport theory predicts large energy losses in most stellarators. These
losses can be reduced by optimizing the geometry of the magnetic field, which has
been done in the design of the W7-X stellarator. One of the objectives of W7-X is
to demonstrate that this theory based optimization works in practice, so that quasisteady state operation (discharges up to 30 min) at high performance can be reached
in a stellarator. The carefully tailored magnetic field of W7-X is generated by a set
of shaped magnetic field coils. Its flux surfaces are produced entirely by external
coils, including superconducting non-planar and planar coils, which is shown in
figure 3.1. The magnetic field is five-fold periodic with the maximum situated in
the transition between periods, forming five linked magnetic mirrors.

Figure 3.1: The Wendelstein 7-X stellarator coils set consists of modular coils (red) and
planar coils (orange) in order to induce the optimized magnetic field. The vacuum vessel,
refrigerator circuits, etc. are shown in gray and the plasma in blue. [source: IPP]

The different sets of coils provide a wide flexibility of possible magnetic configurations. In the present work, only the so-called “standard” configuration is used.
The different magnetic field equilibria that the sets of coils of a device like W7-X
can produce are obtained by solving the time independent ideal magnetohydrodynamic (MHD) equations:
J0 × B0 = ∇p0
(3.1)
∇ × B0 = µ0 J 0
∇ · B0 = 0

(3.2)
(3.3)

where B0 denotes the equilibrium magnetic field, J0 the current density, p0 the
plasma pressure, and µ0 the permeability of vacuum. These MHD equations can
be solved analytically for simplified geometries and, for a complex equilibrium like
that of a stellarator, they are solved numerically for which the widely used MHD
equilibria code VMEC (Variational Moments Equilibrium Code) [21], is employed.
These reconstructed equilibria can be used as a source of information to interpret
measurements or as an input for simulations. In this present work the obtained
VMEC equilibria are used by stella as an input of the magnetic field to consider.
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Turbulent transport in different density regimes
of Wendelstein 7-X plasmas

High-density operation (ne ∼ 1020 m3 ) is mandatory for achieving high fusion performance and is foreseen in W7-X to study reactor relevant scenarios. This follows
from theoretical predictions and empirical scaling laws for the energy confinement
time, τE , in stellarators, such as the ISS04 scaling [22]:
0.41
τISSO4 = 0.134 · nαe a2.28 R0.64 P −0.61 B 0.84 ι2/3

(3.4)

where α = 0.54, thus predicting a positive correlation between the plasma density and energy confinement time. Here, a and R are the minor and major radii in
meters, P is the heating power in MW, ne is the line-averaged electron density in
1019 m3 , B is the magnetic field strength in T and ι2/3 is the rotational transform
at 2/3 of the effective radius. The ISS04 scaling thus suggests that higher densities in fusion plasmas could be beneficial for the triple product nTi τE , since nτE
increases with density, which should overcompensate the decrease in temperature
caused by applying the same heating power to more fuel. However, experimental
evidence shows a gradual degradation of the density dependence of τE with increasing density, thus, α decreases with increasing density, in W7-X [9], LHD [23] and
W7-AS [24]. The reason for the gradual degradation of the density scaling is still
under investigation. Experimental evidence suggest that different density regimes
give rise to differences in the neoclassical and turbulent transport [10, 20, 25].
Due to the neoclassical optimization, the importance of turbulent transport is
increased and the development of improved confinement regimes with suppression
of turbulent transport is important. Such enhanced confinement phases are observed
after injections of frozen hydrogen pellets for core plasma fuelling [25] in W7-X.
Injections of pellets causes a qualitative change in density profiles. Whereas gasfuelled discharges have flat density profiles inside ρ < 0.8, pellet discharges have
peaked density profiles outside ρ > 0.2 − 0.4. During the post-pellet phases, the
global energy confinement time surpasses the empirical ISS04-scaling, moreover,
there is a significant improvement of plasma parameters. One of the significantly
improved parameters in the enhanced post-pellet phases is the ion temperature. The
electrons in the plasma fuel are usually heated by means of electron cyclotron resonance heating (ECRH), which indirectly heats the ions through collisional coupling.
This coupling scales positively with density, as the collisionality increases, which
makes that low-density plasmas are generally characterized by disparate ion and
electron temperatures (Te > Ti ) while the increased collisional coupling in highdensity plasmas should lead to thermalization (Te ≈ Ti ).
Local power balance analyses give insights into the improved performance observed during the post-pellet phases, and the gradual degradation of the density
scaling in gas-fuelled discharges [10, 25]. The power balance shows that the heat
transport is to a large degree neoclassical in the core of low-density gas-fuelled
discharges and in the post-pellet phases of high-density discharges, whereas gasfuelled discharges at similar high-densities and heating powers show a significantly
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lower performance. The difference between the three density regimes: (i) lowdensity gas-fuelled discharges (ii) high-density gas-fuelled discharges and (iii) highdensity post-pellet phases – is attributed to a strong reduction of the turbulent heat
transport in the plasma core of the first two regimes. During low-density gas-fuelled
discharges and post-pellet enhanced confinement phases, the neoclassical transport
is a significant component of the total heat transport in the plasma core while at the
edge up to a factor of 10 is missing. The picture is different for high-density gasfuelled discharges, despite a similar level of ECRH and a similar value of the line
averaged density, a gap of about a factor ten is present roughly uniform throughout
the plasma. This means that a strong heat loss mechanism dominates and determines the heat flux across the entire plasma, whereas the neoclassical transport is
a minor contribution. The much lower ion temperature in high-density gas-fuelled
discharges (Ti ∼ 1.5 keV) compared to the post-pellet phases (Ti ∼ 3 keV) cannot
be explained without such an additional loss mechanism.
Assuming that the difference between neoclassical and total heat losses mainly
can be attributed to plasma turbulence, the level of turbulence decreases with (i)
decreasing density for flat density profiles and with (ii) increasing density profile
peakness. Turbulence studies are therefore of key importance in developing improved confinement regimes and a suite of diagnostic instruments is available, e.g.,
phase contrast imaging (PCI) [26], various probes for edge turbulence measurements [27] and Doppler reflectometry [28] which measures turbulent fluctuations in
a band centered around ky = 9 cm−1 with a width of 1 cm−1 . Experimentally, it is
indeed observed that the relative magnitude of ion-scale (k⊥ ρs ≈ 1) density fluctuations, as measured with PCI, is reduced during pellet-enhanced phases [29]. Moreover, preliminary results of the Doppler reflectometry system show that the level of
fluctuations is substantially lower in gas-fuelled plasmas featuring low densities [D.
Carralero, priv. comm.]. Here a set of low-density and high-density gas-fuelled discharges with flat density profiles, ECRH heating, and similar ion temperature profiles are compared. It is observed that turbulent fluctuations are reduced by an order
of magnitude for radial positions between 0.55 < ρ < 0.7 in low-density plasmas
compared to high-density plasmas, which is more than one would expect from the
30% density reduction that occurs uniformly throughout the plasma cross-section.
Outside of this region, for ρ < 0.5 and ρ > 0.8, the level of fluctuations is similar for low-density and high-density plasmas. Note that these findings decorrelate
with the power balance analyses which suggest that low-density and high-density
gas-fuelled discharges have different neoclassical to turbulent heat loss ratios in the
plasma core (up to ρ = 0.5) whereas turbulent losses dominate in the edge for both
density regimes. Therefore, it is possible that the observed difference in fluctuations
is due to a delocalization of density fluctuations in one regime respect to the other.
The effective suppression of neoclassical losses due to the optimization undergone for the W7-X design is expected to render the ion temperature gradient (ITG)
and trapped electron mode (TEM) an important, if not dominant, transport mechanism. Linear gyrokinetic theory and threshold analyses develop a general understanding into these gyrokinetic microinstabilities. The excitation of linearly unstable modes relies heavily on two key factors, namely magnetic trapping and bad
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curvature. Concerning curvature, negative values of K2 ∝ b̂ × ln B · ∇α, which
is linked to the expression of the drift velocity (2.14) in the gyrokinetic equation,
indicates linearly destabilizing regions, in which the modes are likely to be excited [30, 31]. Moreover, the strength of turbulent transport, driven by gyrokinetic
microinstabilities, generally depends on the normalized gradients, defined as
a ∂ns
a
=−
Lns
ns ∂r

r0

a ∂Ts
a
=−
LT s
Ts ∂r

(3.5)
r0

which provide a free energy source to the instabilities to develop [6]. According
to threshold analyses, the instability is triggered when the normalized gradients are
above some threshold. The critical normalized gradient a/LT i,crit for ion temperature gradient driven modes increases with increasing normalized density gradients,
a/Ln , and decreasing temperature ratios, Te /Ti , which therefore stabilizes the linear modes [32]. In the linear, electrostatic, adiabatic limit, ITG and ETG modes are
basically isomorphic, thus increasing Te /Ti should have a stabilizing effect on ETG
modes. Theoretically, we thus except strong density gradients, low densities and
thermalized temperatures (Te ≈ Ti ) to exhibit improved linear stability in scenarios where the ITG modes are dominant whereas disparate temperatures (Te  Ti )
should improve linear stability when the ETG modes are dominant.
However, linear numerical simulations show that the normalized density gradients and temperature ratio can be either stabilizing or destabilizing for the ITG
mode, depending on the value of the normalized ion temperature gradients [30, 33].
Therefore, it is not safe to predict lightheartedly the effect of these factors, but rather
case-dependent studies are required. When simulating flat density profiles with adiabatic electrons, it has been shown that for small values of the normalized ion temperature gradient, the trapped ion mode is dominant, whereas for bigger values of
the normalized ion temperature gradient the ITG mode is dominant. Concerning the
study of the ITG mode in the presence of kinetic electrons, two different branches of
microinstabilities are observed. The first branch drifts in the electron diamagnetic
direction and occurs for small values of the normalized electron temperature gradient. The second branch, for large a/LT e , switches over to the ion drift direction and
displays enhanced trapped electron dynamics. This results in a “mixed” ITG-TEM
mode, which causes a destabilization of the ITG mode compared to the adiabatic
electron limit. Simulating trapped electron modes, shows that the density gradient driven TEM is weaker relative to the temperature gradient driven one, while
both modes propagate in the electron diamagnetic drift direction [30]. Moreover,
linear gyrokinetic simulations indicate that there exists an “stability valley” [34]
where the transition between the ITG and TEM instability occurs, with distinctly
reduced linear growth rates. W7-X discharges in which hydrogen pellets injections
were performed seem to access this particularly favorable region. More detailed
and systematic studies under different plasma parameters, as well as comparisons
with gyrokinetic simulations, are ongoing.
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Physical parameters of a low-density and highdensity discharge in Wendelstein 7-X

Preliminary results of the Doppler reflectometry system show that the density fluctuations in the high-density discharge W7X20180920.017 are up to an order of
magnitude stronger than those in the low-density discharge W7X20180920.013 [D.
Carralero, priv. comm.]. The physical parameters considered for the gyrokinetic
simulations with stella are therefore based on these two specific discharges in
order to investigate whether gyrokinetic simulations yield comparable differences
in linear stability and heat fluxes. It is important to note that the density itself only
5/2
has an influence on the heat flux through the gyro-Bohm scaling QgB ∝ nTi . The
labels “low-density” and “high-density” are thus used to refer to these two specific
discharges, however, they do not imply that it is the density that determines the behavior of these discharges, instead, the normalized gradients and temperature ratios
determine the growth rates and heat fluxes, beyond the gyro-Bohm scaling.

Figure 3.2: Fit of the experimental density, ion temperature and electron temperature profiles (first row), their gradients (middle row) and their normalized gradients (second row)
based on the low-density discharge W7X20180920.013 (blue) and the high-density discharge W7X20180920.017 (red).
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A Thomson scattering system is used to construct the electron density and electron temperature profiles [35], and a multi-line X-ray imaging crystal spectrometer
(XICS) is used for the ion temperature profiles [36]. The mapping of the measured points to flux surfaces is performed with VMEC equilibria based on experimental pressure profiles. The experimental measurements performed during the
low-density and high-density discharge, are used to fit the density, ion and electron
temperature profiles, which are shown in figure 3.2. Throughout this work, simulations based on the profiles from W7X20180920.013 will be represented by blue
solid lines and referred to as the low-density plasma, similarly, W7X20180920.017
will be represented by dashed red lines and referred to as the high-density plasma.
The density profiles of these gas-fuelled plasmas are flat inside the normalized radius of ρ ≈ 0.8. A significant density gradient exists only outside of this radius.
The gyrokinetic simulations run with stella are performed in the flux tube
α = 0 at four positions in the radial range 0.5 ≤ ρ ≤ 0.8 since the measured level
of fluctuations of the two discharges is similar outside this area and diverges within
this area, with the maximum separation located at 0.55 < ρ < 0.65 according to
the Doppler reflectometry system. The density, ion temperature, electron temperature and their normalized gradients for the low-density and high-density plasma are
given in tables 3.1 and 3.2, respectively, as well as their magnetic field.
Table 3.1: The input variables for stella for the low-density plasma, for the four radii.
The input magnetic field, calculated by VMEC, is identified as EJM+252 w7x ref 348.

ρ

ne

a/Lne

Ti

a/LTi

Te

0.5

4.54 ·1019 m−3

0.30

1.10 keV

1.80

1.68 keV

3.38

1.54

0.6

−3

4.37 ·10 m

0.48

0.89 keV

2.44

1.16 keV

4.13

1.30

0.7

4.11 ·1019 m−3

0.78

0.66 keV

3.48

0.73 keV

5.11

1.10

0.8

3.72 ·1019 m−3

1.26

0.43 keV

5.50

0.41 keV

6.46

0.96
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a/LTe Te /Ti

Table 3.2: The input variables for stella for the high-density plasma, for the four radii.
The input magnetic field, calculated by VMEC, is identified as EJM+252 w7x ref 169.

ρ

ne

a/Lne

Ti

a/LTi

Te

a/LTe Te /Ti

0.5

5.85 ·1019 m−3

0.32

0.94 keV

1.94

1.10 keV

3.18

1.17

0.6

5.66 ·1019 m−3

0.37

0.75 keV

2.52

0.78 keV

3.60

1.04

0.7

5.42 ·1019 m−3

0.53

0.56 keV

3.44

0.53 keV

4.10

0.95

0.8

5.06 ·1019 m−3

0.86

0.37 keV

5.18

0.34 keV

4.76

0.93
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Only the density and electron temperature profile significantly differ between
the low-density and high-density discharge. Therefore, a third case is considered
based on the plasma profiles of the high-density discharge where the magnetic field
and ion temperature profile are replaced with those of the low-density discharge in
order to remove the effects originating from the different magnetic field equilibra
and ion temperature profiles, and to isolate the effects coming from the different
density and electron temperature profiles. Throughout this work, this modified version of the high-density plasma will be referred to as the high-density* plasma (with
a star) and represented by dotted orange lines. The plasma parameters and normalized gradients for the modified high-density* plasma are given in table 3.3.
Table 3.3: The input variables for stella for the high-density* plasma, for the four radii.
The input magnetic field, calculated by VMEC, is identified as EJM+252 w7x ref 348.

ρ

ne

a/Lne

Ti

a/LTi

Te

a/LTe Te /Ti

0.5

5.85 ·1019 m−3

0.32

1.10 keV

1.80

1.10 keV

3.18

1.17

0.6

5.66 ·1019 m−3

0.37

0.89 keV

2.44

0.78 keV

3.60

1.04

0.7

5.42 ·1019 m−3

0.53

0.66 keV

3.48

0.53 keV

4.10

0.95

0.8

5.06 ·1019 m−3

0.86

0.43 keV

5.50

0.34 keV

4.76

0.93

Both shots considered, within minor differences, the standard configuration of
W7-X. Therefore, the equilibrium magnetic fields for each shot, calculated with
VMEC, do not exhibit any significant differences, which is illustrated in table 3.4 by
comparing some geometrical quantities between the two equilibria, as well as in figure 3.4, by comparing the magnetic trapping and bad curvature regions. Moreover,
it is confirmed numerically in sections 3.4.1 and 3.4.2. The magnetic field of the
low-density plasma is denoted by 348, which refers to the identifier in the VMEC
database, while the magnetic field of the high-density plasma is denoted by 169.
Table 3.4: Characteristics of the VMEC equilibria for the low-density
and high-density plasma, with ŝ = −(r/ι)(dr/dι) the magnetic shear.

Discharge

Br

a

R0

V

Low-density

2.32 T

0.516 m

5.518 m

29.00 m3

High-density

2.33 T

0.517 m

5.519 m

29.13m3

Discharge

ι(ρ = 0.5) ι(ρ = 0.8) ŝ(ρ = 0.5) ŝ(ρ = 0.8)

Low-density

0.873

0.913

0.0408

0.1894

High-density

0.873

0.914

0.0400

0.1904

3.3. Physical parameters of a low- and high-density discharge in W7-X

23

The last closed flux surface of the magnetic field corresponding to the lowdensity discharge is plotted in figure 3.3. The simulated flux tube has its center in
the outboard midplane, i.e. the low-field side, of the so-called bean-shaped plane.

Figure 3.3: (Left) Magnetic field strength on the last closed flux surface of the VMEC
equilibrium corresponding to the low-density discharge. The maximum magnetic field is
shown in red and the minimum in blue. A magnetic field line that makes 3 toroidal turns
is shown in black. The poloidal cut is taken in the bean-shaped plane. (Right) The beanshaped plane. Figures produced with MCVIEWER, courtesy of Y. Turkin.

For the W7-X stellarator, the regions with larger curvature are out of phase
with the deeper magnetic wells [37], which is illustrated in figure 3.4. TEMs are
thus expected to be weaker in W7-X as compared to a typical large aspect ratio
tokamak. Nonetheless, TEM turbulence can still play an important role in W7-X
since the decoupling is not perfect and allows for significant TEM activity.

Figure 3.4: (Top) The curvature profile for the W7-X flux tube characterizes the destabilizing regions (negative values). (Bottom) The magnetic field structure depicts the trapping
effect. It is clear that regions with larger curvature are out of phase with the deeper magnetic
wells. Here, ζ denotes the poloidal angle, which coincides with the parallel coordinate.
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Linear simulations of gyrokinetic turbulence in
low-density and high-density regimes of W7-X

In a linear approximation each mode ϕk evolve independently of each other, making
linear simulations very fast compared to non-linear simulations. Linear gyrokinetic
stability analysis is thus used to identify the microinstabilities that play a role in
microturbulence and to identify which modes are the most unstable. The growth
rate γ of an instability is calculated in stella by fitting ϕ2k , averaged along the
magnetic field line, to an exponential and taking the imaginary part, whereas the
frequency ω is the real part. Each simulation is performed along a magnetic field
line that is located radially between 0.5 ≤ ρ ≤ 0.8 and has as field line label
α = 0 with θ∗ = 0 and ζ = 0. The linear simulations are performed with a
resolution of nz × nvk × nµ = 512 × 48 × 36 and with a normalized time step
of 0.01 unless indicated otherwise. The wavevectors along the binormal direction
range from ky ρi = 0 to ky ρi = 23, whereas only kx ρi = 0 is simulated along the
radial direction since nonlinear simulations indicate that the highest growth rates
generally occur at kx = 0. Unless indicated otherwise, the length of the simulated
magnetic field line is chosen to be 3 poloidal tuns for ky ρi ≥ 5 and 2 poloidal turns
for ky ρi < 5. The length is reduced for smaller wavenumbers since their mode
structures are very narrow along the field lines, thus, decreasing the length of the
magnetic field line increases the resolution and improves the convergence of these
modes. It is important to note that the length of the parallel simulation domain can
influence the calculated growth rates, which is discussed in appendix B.
Starting with the simplest scenario in section 3.4.1, we examine the linear properties of the ITG driven mode in the three discharges, assuming adiabatic electrons
and only varying the ion temperature gradient ∇Ti , the density gradient ∇n and
the temperature ratio Te /Ti . The difference in the temperature and density profiles
and the observed differences in linear growth rates are discussed for the different
discharges. In order to find a correlation with preliminary results of the Doppler
reflectometry system, the diagnosed quantities are denormalized within the accessible wavevector values of the Doppler reflectometry system. In section 3.4.2, the
effects of passing and trapped electrons are included by treating the electrons kinetically. In order to aid the analyses, the three gradients are simulated separately to
identify the characteristic frequencies, growth rates and mode structures of the three
main instabilities that are expected to coexist: the ion temperature gradient (ITG),
the electron temperature gradient (ETG) and the trapped electron mode (TEM).
Next, the frequency and growth rate spectra obtained when including all three gradients of the three discharges are compared for the four radial positions between
0.5 ≤ ρ ≤ 0.8. Finally, the diagnosed quantities are denormalized in order to account for the specific parameters of each profile and discussed within the accessible
wavevector values of the Doppler reflectometry system.
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ITG modes with adiabatic electrons

stella solves the normalized gyrokinetic-Poisson system, given by equations
(2.28) and (2.32), for each species. In order to decrease the computation time, a
modified adiabatic Boltzmann electron response, δne = (ene /Te )(ϕ − ϕ), can be
used instead of the kinetic response, where the overline denotes an average along
the magnetic field line. This expression is substituted into the quasi-neutrality condition in order to avoid solving the gyrokinetic equation for the electrons. Simulations using adiabatic electrons have been performed many times in the past, even
in stellarator geometry, nonetheless case-dependent studies are required due to the
complex dependencies of the stability on the normalized ion temperature and density gradients, the electron to ion temperature ratio and the geometry [30, 33].
The microinstabilities throughout the plasma cross-section are characterized by
performing linear gyrokinetic simulations for ρ = 0.5; 0.6; 0.7; and 0.8, respectively, for the low-density and high-density plasma, as well as for the modified
high-density plasma. The normalized ion temperature and density gradients as well
as the temperature ratios for each discharge are given in tables 3.1, 3.2 and 3.3, respectively. Because the general behavior of the three discharges is similar and only
the absolute values of the maximum growth rates differ, the normalized frequency
and growth rate spectra for the four radial positions are only presented for the lowdensity plasma in figure 3.5. A more detailed comparison for each radial position
will follow. Closer to the edge of the plasma, the modes are more unstable (bigger
growth rates) and modes corresponding to smaller length scales (bigger wavenumbers) become unstable. This is due to the increase of the normalized gradients
a/LT i and a/Ln when moving towards to the edge, which destabilizes the modes
and dominates over the stabilizing effect of the lower temperature ratio Te /Ti . The
influence of the geometry, the normalized gradients and the temperature ratio will
be examined in the next paragraphs, by focusing on their influence on the first local
maximum of the growth rate spectrum which occurs between 1 ≤ ky ρi ≤ 2.

Figure 3.5: Normalized frequency (left) and linear growth rate (right) as a function of the
normalized perpendicular binormal wavenumber ky ρi for the low-density plasma and radii
between 0.5 ≤ ρ ≤ 0.8, obtained with linear simulations using adiabatic electrons.
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The modes can be identified as toroidal (driven unstable by bad curvature) ITG
modes. The identification of the microinstability is supported by the parallel mode
structure of the absolute value squared of potential fluctuations in figure 3.6. The
mode structure consists of one central peak, located inside a magnetic well where
the curvature is “bad” (negative values) which is highlighted by plotting the mode
structure of ky ρi = 5 in figure 3.7. Therefore the mode could either be a trapped
ion mode, which is localized in magnetic trapping regions, or a toroidal ITG mode,
which is localized in regions of bad curvature – note that ETG or TEM modes
are not possible since the electrons are adiabatic. The overlap of these regions
makes it difficult to distinguish between the two modes, however, previous studies
in W7-X with linear simulations [30, 33] have shown that the toroidal ITG mode
dominates for large normalized ion temperature gradients, moreover, the observed
mode structure is characteristic for toroidal ITG modes at low normalized density
gradients, which is the case here. Note that the frequency of the ITG modes is
always positive (Fig. 3.5) indicating that the mode propagates in the ion diamagnetic
direction. Moreover, the mode structures associated with ITG fluctuations peaks at
the designed cut-off position (ζ = 0, θ = 0) of the Doppler reflectometry position.

Figure 3.6: Parallel mode structure of electrostatic fluctuations along the magnetic field line
for the low-density discharge at ρ = 0.8. The shape of the magnetic field B and curvature
K2 are shown to indicate regions of magnetic trapping (yellow) and bad curvature (red).

Figure 3.7: (Left) Typical mode structure (black) of ITGs with adiabatic electrons in the
bean flux-tube of W7-X for low normalized density gradients, shown here for ky ρi = 5.
The magnetic field (blue) and curvature (red) indicate regions of magnetic trapping and bad
curvature (negative values). (Right) The maximum growth rate between 1 ≤ ky ρi ≤ 2
for four radial positions and 2 magnetic fields. The other variables are kept constant to the
average values within the simulations: a/LT i = 3.7; a/Ln = 0.8; and Te /Ti = 1.2.
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The effect of the geometry, which consists of the differences between the two
magnetic field equilibria – labeled 348 and 169 for the low-density and high-density
discharge, respectively – and the four radial positions between ρ = 0.5 and ρ = 0.8,
is illustrated in figure 3.7 by plotting the first local maximum of the normalized
growth rate spectrum. The normalized ion temperature and density gradient, as well
as the temperature ratio, are fixed to their average values used in the simulations.
The growth rate increases by 5% and 4% when moving from ρ = 0.5 to ρ = 0.8 for
the magnetic fields labeled 169 and 348, respectively. Moreover, the growth rate is
0.5% to 2% bigger in the magnetic field labeled 169 when moving from ρ = 0.5 to
ρ = 0.8, compared to the magnetic field labeled 348. These effects are negligible
compared to the effects of the profiles and gradients when moving from ρ = 0.5 to
ρ = 0.8 (compare with Fig. 3.5). Therefore, the geometry has a marginally small
destabilizing effect on the modes towards the edge, since the depth of the magnetic
wells and the strength of the “bad” curvature increases.

Figure 3.8: The normalized electron temperature (red), ion temperature (green) and density
(black) gradients, as well as the temperature ratio (blue) for the low-density (solid) and highdensity (dashed) plasma in function of the radial position between ρ = 0.5 and ρ = 0.8, for
absolute values (left) and relative to the low-density plasma (right).

The normalized gradients as well as the temperature ratio are visualized in figure
3.8, moreover, the difference between the low-density and high-density plasma are
highlighted on the right by plotting their relative profiles. The influence of the
normalized ion temperature and density gradients as well as the temperature ratio
are visualized in figure 3.9, by varying each parameter over the values used for
the two discharges, while keeping the other two parameters fixed to either their
minimum or maximum value within the simulation domain. Since the influence
of the geometry is negligible, only the magnetic field of the low-density discharge,
labeled 348, and the radial position ρ = 0.7 are considered here. It is important to
note that the first local maximum of the growth rates indeed lies within 1 ≤ ky ρi ≤
2 for most scans except for the Te /Ti scan with a/LT i = 1.6 and a/Ln = 1.3
(blue line), for which the maximum lies outside the simulated area and therefore
the growth rates of this scan are lower than those of the local maximum.
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Figure 3.9: The maximum of the normalized growth rates between 1 ≤ ky ρi ≤ 2 of the ITG
mode with adiabatic electrons at ρ = 0.7 with varying Te /Ti (left); a/LT i (middle); and
a/Ln (right). The variables that are not varied are fixed to their minimum or maximum value
used within the simulations: Te /Ti ∈ [0.9, 1.5]; a/LT i ∈ [1.8, 5.6] and a/Ln ∈ [0.3, 1.3].

The electron to ion temperature ratio, Te /Ti , and normalized ion temperature
gradient, a/LT i , have a destabilizing effect on ITG modes, regardless of the values
of the other parameters within our simulation domain (Fig. 3.9a and 3.9b). The existence of a critical normalized ion temperature gradient is observed: for a/Ln = 0.3
there are no unstable modes for a/LT i . 0.2 whereas for a/Ln = 1.3 there are no
unstable modes for a/LT i . 1. This trend indicates that increasing the normalized
density gradient has a stabilizing effect for small a/LT i . However, when increasing the normalized ion temperature gradient above a/LT i ≈ 2.5, the normalized
density gradient becomes destabilizing, which corresponds to the crossing of the
a/Ln = 0.3 and a/Ln = 1.3 curves in figure 3.9b. Therefore a/Ln is destabilizing
when the normalized ion temperature gradient is big (a/LT i & 2.5) or when both
the normalized ion temperature and density gradient are small (a/LT i . 2.5 and
a/Ln . 0.5), however, when the normalized ion temperature gradient is small and
the normalized density gradient is big (a/LT i . 2.5 and a/Ln & 0.5), the normalized density gradient is stabilizing (Fig. 3.9c). This is in agreement with the “stability valley” observed in W7-X [34], where reduced linear growth rates are found
where the transition between the ITG and TEM instability occurs (a/LT i ≈ a/Ln ).
Knowing the influence of the normalized gradients and temperature ratio within
our simulation domain, we can analyze the difference in the growth rates between
the low-density and high-density discharges, as well as with the modified highdensity discharge, which is simulated with the magnetic field and ion temperature
profile of the low-density plasma. This allows us to isolate the influence of the electron temperature and density profile when comparing the low-density and modified
high-density plasma, as well as the influence of the ion temperature profile by comparing the high-density and modified high-density plasma. The growth rate spectra
for the four radial positions are shown in figure 3.10. The two local maxima of
the spectra are highlighted with stars, whereas the first local maxima are depicted
separately on the right of figure 3.10 in function of the effective minor radius ρ.
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Figure 3.10: (Left) Normalized linear growth rate as a function of the normalized perpendicular binormal wavenumber ky ρi for the low-density (blue), high-density (red) and
modified high-density* (orange) plasma for the four radii between 0.5 ≤ ρ ≤ 0.8. The two
local maxima are indicated with stars. (Right) The first local maxima of the growth rate
spectra as a function of the normalized effective minor radius.

The low-density plasma has a bigger temperature ratio and normalized density
gradient which both are destabilizing (unless the stability valley is accessed) resulting in 22% to 6% higher growth rates in the low-density plasma for ρ = 0.5
and ρ = 0.8, respectively, when comparing the low-density and modified highdensity plasma in figure 3.10. Moreover, the instabilities in the high-density plasma
are more unstable at ρ = 0.5 compared to the modified high-density plasma since
a/LT i is larger in the high-density plasma, while for ρ = 0.8 the modes are more
stable since a/LT i is smaller. The ITG modes in the low-density plasma are thus
more unstable throughout 0.5 ≤ ρ ≤ 0.8 due to its higher normalized density gradient and temperature ratio, whereas the normalized ion temperature gradient has
a stabilizing effect for ρ ≤ 0.6 and a destabilizing effect for ρ ≥ 0.7 since it is
respectively smaller and bigger than that of the high-density plasma.

Figure 3.11: Linear growth rate as a function of the perpendicular wavenumber ky for the
low-density (blue), high-density (red) and modified high-density (orange) plasma for the
four radii. The maxima of the two peaks are indicated with a star and the area in which the
Doppler reflectometry system performs measurements is shown in blue.

30

3. Understanding microturbulence in W7-X with gyrokinetic simulations

In order to find a connection between the level of turbulent fluctuations measured by the Doppler reflectometry system and the growth rates calculated by means
of linear gyrokinetic simulations, the growth rate spectra are denormalized and
shown in figure 3.11. The Doppler reflectometry system [28] measures turbulent
fluctuations in a band centered around ky = 9 cm−1 with a width of√1 cm−1 , which
is highlighted√in blue. The denormalization of ky ρi , with ρi ∝ Ti , introduces
factors of 1/ Ti along the ky direction which moves the growth rates of the highdensity plasma slightly to the right compared to the low-density plasma since it
has lower ion temperatures. For ρ ≤ 0.6 this increases the growth rate within the
blue area compared to the low-density plasma, and for ρ ≥
√ 0.7 it decreasing the
Ti , introduces factors
growth
rate.
The
denormalization
of
γa/v
,
with
v
∝
th,i
th,i
√
of Ti which reduces the growth rate of the high-density plasma compared to the
low-density plasma, and thus enhances the difference between the two discharges.
The average growth rate within ky = (9 ± 1) cm−1 is shown in figure 3.12. The
linear instabilities are more stable in the high-density plasma throughout 0.5 < ρ ≤
0.8, which decorrelates with preliminary results of the Doppler reflectometry system
which show that the level of fluctuations is substantially lower in discharges featuring low densities. Note that the influence of the temperature ratio and normalized
density gradient is not noticeable when comparing the low-density and modified
high-density plasma at ρ = 0.8 since the growth rate is measured during the ramp
up of the ITG peak (Fig. 3.11) where the two discharges have similar growth rates.

Figure 3.12: Frequency (left) and linear growth rate (right) at ky = (9 ± 1) cm−1 as a
function of the normalized effective minor radius ρ for the low-density (blue) high-density
(red) and modified high-density (orange) plasma, obtained using adiabatic electrons.

To conclude, the ITG driven microinstabilities in the low-density plasma are
more unstable compared to those of the high-density plasma, due to the destabilizing effect of the higher electron to ion temperature ratio and normalized density
gradients in the low-density plasma. Extracting the growth rates in the area of accessible wavevector values of Doppler reflectometry, shown in figure 3.12, produces
differences up to 30% between the two discharges which are however not capable of
explaining the significant difference in density fluctuations. Moreover, the discharge
with lower growth rates (high-density) corresponds to the discharge where Doppler
reflectometry finds fluctuations that are up to one order of magnitude stronger.
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Analysis including kinetic electrons

In the present subsection, we will investigate the effects of kinetic electrons on the
microinstabilities in the low-density and high-density discharge. Again, the microinstabilities throughout the plasma cross-section are characterized by performing linear gyrokinetic simulations for ρ = 0.5; 0.6; 0.7; and 0.8, respectively, for
the low-density and high-density plasma, as well as for the modified high-density
plasma. Because the general behavior of the three plasmas is similar, the normalized
frequency and growth rate spectra for the four radial positions are only presented for
the low-density plasma in figure 3.13. A more detailed comparison for each radial
position will follow. The same observation is made as with the linear simulations
performed with adiabatic electrons: closer to the edge of the plasma, the modes are
more unstable (bigger growth rates) due to the increase of the normalized gradients a/LT i , a/LT e and a/Ln when moving towards to the edge, which destabilizes
the modes and dominates over the stabilizing effect of the lower temperature ratio
Te /Ti . However, instead of the modes being stable for big wavenumbers, they are
now unstable and the growth rate increases with increasing wavenumbers.

Figure 3.13: Normalized frequency (left) and linear growth rate (right) as a function of the
normalized perpendicular binormal wavenumber ky ρi for the low-density plasma and radial
positions between 0.5 ≤ ρ ≤ 0.8, obtained with linear simulations using kinetic electrons.

The interaction of the two species, both driving the instability through their respective gradients, gives rise to microinstabilities of either a mixed nature or of
pure ITG, ETG or TEM character. Therefore, the simulation is decomposed into
the contribution of each normalized gradient (a/LT i , a/LT e and a/Ln ) for the lowdensity plasma at ρ = 0.7 (Fig. 3.14) in order to understand and identify the three
prominent instabilities in stellarators: ion temperature gradient (ITG), electron temperature gradient (ETG) and density-driven trapped electron modes (TEM). Note
that in most cases the different modes coexist, however, we only refer to the dominant mode. The simulations including all gradients for both adiabatic as kinetic
electrons are shown in blue. The ITG mode is isolated by setting the electron temperature gradient and density gradients to zero. Therefore, the investigation of the
ITG mode that has been presented in the previous section is extended by including full trapped and passing electron dynamics. In order to isolate the ETG driven
mode, the ion temperature gradient and density gradients are set to zero whereas the
density-driven TEM is isolated by setting the temperature gradients to zero.
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The general trend of the three prominent microinstabilities (Fig. 3.14) allows
one to identify the ITG, ETG and (density-driven) TEM instabilities, based on the
frequency and growth rate of the mode. It is seen that ITG modes have positive
frequencies, ETG modes have negative frequencies and TEM modes generally have
low frequencies which can be both negative as positive. Note that positive frequencies indicate that the instabilities propagate in the ion diamagnetic direction, while
negative frequencies propagate in the electron diamagnetic direction. Moreover,
while the ITG frequency spectrum is more or less continuous, the ETG and TEM
spectra consist of multiple branches, where each branch corresponds to a specific
eigenmode that is excited. Due to the small density gradient, it is difficult to observe the different TEM branches. The growth rate spectra show that the ITG mode
is dominant for small wavenumbers, the TEM mode for intermediate wavenumbers
and the ETG mode for large wavenumbers. Moreover, while ITG and TEM modes
become stable for small length scales, the ETG mode becomes more unstable.

Figure 3.14: Normalized frequency (left) and linear growth rate (right) as a function of the
wavenumber ky ρi for the three prominent microinstabilities at ρ = 0.7 for the low-density
plasma, namely, ITG with a/LT i 6= 0 (green squares), ETG with a/LT e 6= 0 (red circles)
and TEM with a/Lne = a/Lni 6= 0 (black diamonds). Moreover, all three gradients
are included for simulations with adiabatic electrons (blue stars) and kinetic electrons (blue
crosses). A dashed line in the growth rate spectrum represents a change of frequency branch.

Based on the frequency spectrum of the simulation including all three gradients
and kinetic electrons (blue crosses), it can be deduced that its spectrum consists of
an ITG branch up to ky ρi ≈ 5, after which the ETG driven mode becomes dominant. The ITG branch obtained when including all gradients (blue crosses) is more
unstable than the pure ITG branch (green squares) obtained when isolating the contribution of the normalized ion temperature gradient. In contrast, the ETG branch
obtained when including all gradients (blue crosses) is more stable than the isolated
ETG modes (red circles). Comparing the simulations including all gradients obtained with adiabatic electrons (blue stars) to that obtained with kinetic electrons
(blue crosses) shows that kinetic electrons have a destabilizing effect. It is important to note that both the density gradient and kinetic electrons are able to have a
stabilizing effect in other cases, depending on the parameters [30, 33].
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Comparing the ITG, ETG and TEM decomposition for the low-density and
high-density plasma at ρ = 0.7 shows that the thee instabilities are more unstable in the low-density plasma. Quantitatively, the two local maxima of the growth
rate spectra of the ITG decomposition are 9% and 23% larger, respectively, in the
low-density plasma, while the ETG instability at e.g. ky ρi = 10 is 32% larger and
the maximum of the density-driven TEM instability is 125% larger.
The parallel mode structure of the electrostatic potential is also characteristic for
each microinstability, which is shown in figure 3.15 for the modified high-density
plasma at ρ = 0.5 and ρ = 0.8. Its frequency spectrum is similar to that of the
low-density plasma (Fig. 3.13). Each frequency branch is characterized by a specific mode structure: the ITG branch for small wavenumbers (ky ρi < 4 for ρ = 0.5
and ky ρi < 8 for ρ = 0.8) is again characterized by a single peak at ζ = 0; the
negative frequency branch close to zero (4 ≤ ky ρi < 5 for ρ = 0.5) is characterized by two peaks located at ζ = ±π whereas the other negative branches for high
wavenumbers, which correspond to ETG modes, have very extended mode structures for this choice of the parallel simulation domain. It is important to note that
the parallel mode structure depends on the length of the parallel simulation domain,
which is discussed in appendix B. Thus, when the ITG mode is not dominant, it
is possible that the parallel mode structure does not peak at ζ = 0 and since the
electrostatic potential and density fluctuations are proportional this could indicate
that the fluctuations do not peak at the designed cut-off position (ζ = 0, θ ≈ 0) of
the Doppler reflectometry system. However, seeing that the accessible wavevectors
of the Doppler reflectometry system are roughly located within 1 < ky ρi < 2 it is
expected that the ITG mode is dominant and that the fluctuations peak at ζ = 0.

Figure 3.15: Parallel mode structure of electrostatic fluctuations for the modified highdensity discharge at ρ = 0.5 (left) and ρ = 0.8 (right). The shape of the magnetic field and
curvature indicate regions of magnetic trapping (yellow) and bad curvature (red).

While the saturation amplitude and thus the absolute value of the heat fluxes can
only be determined by nonlinear simulations, the ratio of the quasi-linear ion and
electron heat fluxes, Qe /Qi , can be determined already from linear computations.
This quantity is shown on the left of figure 3.16 as a function of the perpendicular
wavenumber ky ρi for the low-density plasma at ρ = 0.5 and ρ = 0.8. For ky ρi . 5
the ITG instability is dominant, identified by having positive frequencies (Fig. 3.13),
and it has either equal electron and ion heat fluxes, e.g. at ρ = 0.5, or an ion heat
flux that is larger than the respective electron heat flux when the ITG branch is
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more unstable, e.g. at ρ = 0.8. When the ETG mode is dominant, identified by
negative frequencies, the electron heat flux can be 50 to 200 times bigger than the
ion heat flux. Moreover, the transition between different frequency branches (Fig.
3.13) can be identified in figure 3.16 as different Qe /Qi branches. Note that in
order to correctly simulate the electron heat flux, it is necessary to use multiscale
simulations [38] to properly resolve the interaction between ion and electron scales.

Figure 3.16: (Left) Ratio of the quasi-linear ion and electron heat fluxes as a function of the
perpendicular wavenumber ky ρi for the low-density plasma at ρ = 0.5 (top) and ρ = 0.8
(bottom). (Right) The maximum of the normalized growth rate between 1 ≤ ky ρi ≤ 2 for
the four radii and 2 magnetic fields. The other variables are kept constant to their average
used within the simulations: a/LT i = 3.7; a/LT e = 4.8; a/Ln = 0.8; and Te /Ti = 1.2.

On the right of figure 3.16 the influence of the magnetic field is examined while
treating the electrons kinetically. Comparing the kinetic with the adiabatic (Fig. 3.7)
calculations shows that the growth rate obtained with kinetic electrons is up to 60%
more unstable than the growth rate obtained with adiabatic electrons. Moreover,
the growth rate increases by 10% when moving from ρ = 0.5 to ρ = 0.8 due to
the presence of the passing and trapped electrons and the growth rate is 2% to 3%
bigger in the magnetic field labeled 169 compared to 348. Therefore, the geometry
has a weakly destabilizing effect on the modes towards the edge, since the depth of
the magnetic wells and the strength of the “bad” curvature increases.
The influence of the normalized gradients is examined in figure 3.17, by plotting the first local maximum of the ITG branch which occurs between 1 ≤ ky ρi ≤ 2
and by scanning over the parameters in a similar manner as in the previous section. The influence of the temperature ratio is not examined since it is assumed to
have a destabilizing affect when ITG modes are dominant, whereas it is assumed
to have a stabilizing effect when ETG modes are dominant [32]. Two facts can be
deduced from these graphs: which instability is dominant within 1 ≤ ky ρi ≤ 2,
for which the frequency spectra are examined as well, and under which circumstances the parameters are destabilizing. We will start with the former. The modes
with ωa/vth,i < −0.5 can be clearly identified as ETG driven modes and are labeled in figure 3.17, whereas modes with positive frequencies are identified as ITG
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modes which are the unlabeled points. However, for low normalized ion temperature gradients, positive frequencies or frequencies around zero are also associated
with trapped ion modes (TIM) and trapped electron modes that propagate in the
ion diamagnetic direction (iTEM). A more precise identification would require a
detailed analysis of the parallel mode structure, which we leave out of the scope
of the present thesis. It is important to note that the scan for increasing a/LT e for
a/LT i = 5.6; a/Ln = 1.3 (green) approaches the scan for a/LT i = 5.6; a/Ln =
0.3 (red) due to a shift of the local maximum of the growth rate spectrum of the
former, moving it outside of 1 ≤ ky ρi ≤ 2. The presence of the ETG modes in
figure 3.17 indicates that the onset of the ETG branch along ky ρi is moved to lower
wavenumbers when increasing a/LT e or decreasing a/LT i and a/Ln . Moving on
to the stabilizing or destabilizing effects of the normalized gradients is can be seen
that increasing the normalized electron temperature gradient has a destabilizing effect (Fig. 3.17a). For low normalized temperature gradients, when the ETG mode is
dominant (Fig. 3.17b), increasing aL/T i is stabilizing, whereas when the ITG mode
is dominant aL/T i is destabilizing. Finally, the normalized density gradient is again
destabilizing when it is small, and stabilizing when it is large (Fig. 3.17c) due to the
existence of the stability valley around a/LT i ≈ a/Ln mentioned previously.

Figure 3.17: The maximum of the normalized growth rates between 1 ≤ ky ρi ≤ 2 obtained
using kinetic electrons with varying a/LT e (left); a/LT i (middle); and a/Ln (right). The
variables that are not varied are fixed to either their minimum or maximum value used
within the simulations: a/LT e ∈ [3.2, 6.5]; a/Ln ∈ [0.3, 1.3] and a/LT i ∈ [1.8, 3.5],
and the temperature ratio is kept constant at its average Te /Ti = 1.2. The ETG modes
are marked whereas the unmarked points are assumed to be ITG modes at high a/LT i and
could be ITG, TIM, TEM, or iTEM modes at low a/LT i .

Now it is possible to analyze the differences in growth rates between the lowdensity, high-density and modified high-density plasma. Recall that the modified
high-density plasma is simulated with the magnetic field and ion temperature profile of the low-density plasma, which allows us to isolate the influence of the electron temperature and density profiles when comparing the low-density and modified
high-density plasma, as well as the influence of the ion temperature profile by com-
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paring the high-density and modified high-density plasma. For ky ρi & 5 all spectra
consist of an ETG branch that grows with ky ρi (e.g. Fig. 3.13). Seeing that the normalized electron temperature gradient is the driving energy source for this branch,
it is sufficient to compare the growth rates at ky ρi = 10, which are 23%; 26%; 31%;
76% bigger in the low-density plasma for ρ = 0.5; 0.6; 0.7 and 0.8, respectively,
compared to the high-density plasma. This is in direct agreement with the electron temperature gradients that are 6%; 14%; 24%; 36% bigger in the low-density
plasma (Fig. 3.8). The growth rate spectra for ky ρi ≤ 5 are shown in figure 3.18
for the three discharges. The higher temperature ratio, normalized electron temperature and density gradient in the low-density plasma throughout 0.5 ≤ ρ ≤ 0.8 are
all destabilizing (unless the stability valley is accessed) resulting in higher growth
rates for the low-density plasma. Moreover, for ρ = 0.5 the modes in the highdensity plasma are more unstable than those of the modified high-density plasma
since a/LT i is bigger, for ρ = 0.8 the modes are (marginally) more stable since
a/LT i is smaller. In simulations with kinetic electrons the influence of the normalized ion temperature gradient is less pronounced than observed in simulations with
adiabatic electrons. Comparing the low-density and high-density plasma shows that
the ITG branch at e.g. ky ρi = 2 is 8%; 17%; 18%; 19% bigger in the low-density
plasma due to its higher electron to ion temperature ratios, normalized electron temperature and density gradient which are destabilizing.

Figure 3.18: Normalized linear growth rate as a function of the perpendicular wavenumber
ky for the low-density (blue), high-density (red) and modified high-density (orange) plasma
for the four radii. The local maxima of the ITG branch is indicated with a star and the points
are disconnected when a discontinuity occurs in the frequency spectrum.

It is also instructive to compare the ratio of the quasilinear ion and electron heat
fluxes between the three plasmas, visualized in figure 3.19. For the ETG branch
Qe /Qi is bigger in the low-density discharge meaning that either the electron heat
flux is stronger or the ion heat flux is weaker than in the high-density discharge
which can be expected in the presence of the higher normalized electron tempera-
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ture gradients. For the ITG branch a similar observation is made at ρ = 0.5: the
normalized ion temperature gradient is 7% smaller in the low-density discharge,
leading to a smaller Qi /Qe ratio meaning that either the ion heat flux is weaker or
the electron heat flux is stronger. However, for ρ = 0.8 the opposite trend is observed: the normalized ion temperature gradient is 8% bigger yet the Qi /Qe ratio is
a lot smaller than in the high-density discharge. Even though the quasilinear ratios
can not give insights into the saturated levels of heat flux which can only be determined by nonlinear simulations, these results could indicate that the heat fluxes
might behave counter-intuitive to the growth rates towards the edge.

Figure 3.19: Ratio of the quasi-linear ion and electron heat fluxes as a function of the perpendicular wavenumber ky ρi for the low-density (blue), high-density (red) and the modified
high-density (orange) plasma at ρ = 0.5 (top) and ρ = 0.8 (bottom).

Figure 3.20: Linear growth rate as a function of the perpendicular wavenumber ky for the
low-density (blue), high-density plasma (red) and modified high-density* (orange) plasma
for the four radii. The local maxima of the ITG branch is indicated with a star and the area
in which the Doppler reflectometry system performs measurements is shown in blue.
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Finally, the growth rate spectra are denormalized in figure 3.20 in order to account for the specific parameters of each profile. It can be seen at ρ = 0.8 that
extracting the growth rate at ky = (9 ± 1) cm−1 results in a different growth rate
than that of the local maximum of the ITG branch. Therefore, this could imply that
measuring fluctuations within a restricted wavevector range does not necessarily
give a correct image of the turbulent fluctuations for all possible wavenumbers. The
average value of the growth rate in the interval ky = (9±1) cm−1 is plotted in figure
3.21. The linear instabilities are again more stable in the high-density discharge.

Figure 3.21: Frequency (left) and linear growth rate (right) at ky = (9 ± 1) cm−1 as a
function of the normalized effective minor radius ρ for the low-density (blue), high-density
(red) and modified high-density (orange) plasma, obtained using kinetic electrons.

To summarize, including the effects of kinetic electrons results in higher growth
rates at all ky compared to simulations with adiabatic electrons. The low-density
plasma is more unstable than the high-density plasma due to the destabilizing effect
of its higher electron to ion temperature ratio and density gradients, as well as due to
its higher electron temperature gradients. The main results of the present section are
found in figure 3.21: the difference in growth rates within ky = (9±1) cm−1 reaches
up to 30%, similar to the difference obtained with adiabatic electrons. It is found
that the discharge where Doppler reflectometry finds stronger fluctuations (highdensity) is that with lower growth rates. As in the case with adiabatic electrons,
the linear stability properties at the Doppler reflectometry measurement ky range
questions the idea that stronger fluctuations are expected for linearly more unstable
scenarios. Moreover, the difference in growth rates is small and not sufficient to
explain the difference in the level of fluctuations between the two discharges which
reaches up to one order of magnitude. It is possible that the observed difference in
fluctuations is due to a delocalization of density fluctuations in the vicinity of the
range of measurement of the Doppler reflectometry system in one regime respect
to the other. This hypothesis is supported by figures 3.15 and B.2 which show
that the parallel mode structure of the electrostatic potential, which is proportional
to the density fluctuations, peaks at the position where the beam of the Doppler
reflectometry system is approximately reflected (ζ = 0, θ ≈ 0) when the ITG mode
is dominant, which is the case for small ky . However, for larger wavenumbers it is
possible that the fluctuations are localized away from (ζ = 0, θ ≈ 0).
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Nonlinear simulations of gyrokinetic turbulence
in low-density and high-density regimes of W7-X

While each mode evolves independently in linear simulations, the modes can interact and feed energy to each other in nonlinear simulations, resulting in a saturated
level of fluxes. In order to compare simulation results with experimental measurements and to address the issue of turbulent heat transport, the heat flux of each
species s along the radial direction needs to be calculated, which is obtained by
taking the appropriate moment of the turbulent distribution function δf1s :
 m v2
E
DZ
c 
s
b̂0 × ∇α · ∇r
δf1s (R, vk , µ, φ, t)
(3.6)
Qs =
d3 vin0 ϕs
B0
2
The nonlinear simulations are performed with a resolution of 81 × 48 × 24 × 55 × 31
in the nz × nvk × nµ × nx × ny space. Note that the effective value for ny should
be doubled, as stella employs the reality condition to limit the simulated kdomain so that ky ≥ 0 [1]. The linear simulations performed in the previous section
indicate that rather high wave numbers are identified as the most unstable ones when
including kinetic electrons. However, quasi-linear estimates of the fluxes show that
it is usually the lower wave numbers that contribute most to the transport, which
roughly scales as ∝ γ/(ky ρi )2 [39]. One might therefore argue that the low wave
numbers are the most relevant ones, which is why we limit our perpendicular box
to 0 ≤ ky ρi ≤ 2, except for simulations using kinetic electrons and ρ ≤ 0.6,
where we employ 0 ≤ ky ρi ≤ 3 in order to improve convergence. It is important
to note that this change can lead to a halving of the saturated heat flux. More
research into the influence of the box size is required to determine which size better
captures the physics. Moreover, it has been shown that the length of the parallel
simulation domain can have an impact on the linear growth rates (App. B) as well
as on the saturated heat flux [40]. The modes along the x-direction are determined
by stella by imposing the standard twist-and-shift boundary conditions along
the parallel direction. The maximum kx ρi scales with the magnetic shear, which
increases towards the edge (table 3.4), thus the maximum kx ρi increases as well.

Figure 3.22: The heat flux in function of time for the low-density plasma in normalized
units (left) and SI units (right) obtained with nonlinear simulations with adiabatic electrons.
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ITG modes with adiabatic electrons

First we investigate the simplest case where the electrons are assumed adiabatic
so that only the ITG modes have to be taken into account in the nonlinear simulations. The evolution in time of the heat flux is similar for the three discharges
and is shown in figure 3.22 for the low-density plasma. The heat flux is depicted in
normalized units (left) and SI units (right) to visualize the effect of the denormal5/2
ization which scales as QgB ∝ ni Ti . The density of the high-density plasma
is about 30% bigger and the ion temperature is about 15% smaller throughout
0.5 < ρ < 0.8 which results in a normalizing factor QgB,`d /QgB,hd ≈ 1.2, moreover, QgB,ρ=0.5 /QgB,ρ=0.8 ≈ 12 for the three discharges.
The spectrum of the electrostatic potential squared is shown in figures 3.23 and
3.24 for the high-density plasma at ρ = 0.5 and ρ = 0.8, respectively, at different
stages of its evolution: linear phase (red), first steps into the saturated phase (blue)
and saturated phase (green). Similarly as in the linear simulations, the fastest growing modes lie between 1 ≤ ky ρi ≤ 2 during the linear phase. However, during
the saturated phase, the zonal modes with ky ρi = 0 and small kx ρi dominate. The
structure of the spectrum at ρ = 0.5 and ρ = 0.8 (Fig. 3.23 and 3.24) is similar,
however, for ρ = 0.5 the maximum simulated kx ρi is significantly smaller due to
the smaller magnetic shear towards the centre.

Figure 3.23: (Top) Electrostatic potential squared in function of time for the high-density
plasma at ρ = 0.5. The red time frame captures the growth of the potential, ranging between 10−4 < |ϕ|2 < 10−1 ; the blue time frame captures the start of the saturation for 20
normalized time steps starting at |ϕ|2 = 10−1 ; the green time frame captures the saturated
phase. (Bottom) Average of the electrostatic potential over the red, blue and green time
frames respectively, in function of the normalized wavenumbers kx ρi and ky ρi .
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Figure 3.24: (Top) Electrostatic potential squared in function of time for the high-density
plasma at ρ = 0.8. (Bottom) Average of the electrostatic potential over the red, blue and
green areas respectively, in function of the normalized wavenumbers kx ρi and ky ρi .

The electrostatic potential averaged over the saturated phase of the low-density
plasma for the four radii is shown in figure 3.25, the structure of the other two
discharges is similar. The structure broadens along kx and ky when moving closer
to the edge, probably due to the increase of the normalized gradients, making the
modes more unstable. The zonal modes with ky ρi = 0 and small kx ρi dominate the
saturated phase of the electrostatic potential for the four radii.
A similar surface plot is constructed in figure 3.26 to depict the normalized heat
flux averaged over the saturated phase of the modified high-density plasma. Again
the structure broadens along kx and ky when moving closer to the edge. At ky ρi ≈
0.5 the structure is the most elongated along kx similar to the electrostatic potential.
The structure however deviates compared to that of the electrostatic potential when
it comes down to the zonal modes, which do not contribute to the heat flux. It is
therefore important to know whether the zonal modes that dominate the electrostatic

Figure 3.25: Electrostatic potential squared averaged over the saturated phase in function
of the wavenumbers kx ρi and ky ρi for the four radial positions of the low-density plasma.

42

3. Understanding microturbulence in W7-X with gyrokinetic simulations

potential need a better resolution by reducing the size of the box, or whether the box
size should be chosen to ensure that the modes that contribute to the heat flux are
well confined within the perpendicular box. This should be addressed in future work
since preliminary results show that changing the perpendicular box to 0 ≤ ky ρi ≤ 3
can halve the saturated heat flux for ρ = 0.5.

Figure 3.26: Normalized heat flux averaged over the saturated phase in function of the
wavenumbers kx ρi and ky ρi for the four radial positions of the high-density plasma.

The normalized growth rate calculated during the ramp-up of the electrostatic
potential as well as the normalized saturated heat flux are shown in figure 3.27 for
the low-density, high-density and modified high-density plasma. The normalized
growth rate shows a similar trend as observed in linear simulations with adiabatic or
kinetic electrons (Fig. 3.10 and 3.18): the unstable modes of the low-density plasma
grow quicker than those of the high-density plasma due to the larger normalized
density and electron temperature gradients and electron to ion temperature ratio in
the low-density plasma while at ρ = 0.5 the low-density and high-density discharge
approach each other due to the lower normalized ion temperature gradient in the
low-density plasma. However, looking at the saturated heat flux we see a different
trend: for ρ ≥ 0.7 the high-density plasma has a bigger saturated heat flux. For ρ =
0.5 the low-density plasma has a higher saturated heat flux, however, the influence
of the perpendicular box size is a lot bigger for simulations at ρ = 0.5 and ρ = 0.6,
therefore, these results might not have converged properly.

Figure 3.27: The normalized growth rate (left) and saturated heat flux (right) of the lowdensity (blue), high-density (red) and modified high-density plasma (orange) obtained with
nonlinear simulations using adiabatic electrons.
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Comparing the low-density and modified high-density plasma at ρ = 0.8 (Fig.
3.27) shows that the higher normalized density gradient and/or the higher temperature ratio Te /Ti in the low-density plasma works stabilizing, due to the existence
of the stability valley or because the ETG instability is dominant for which higher
Te /Ti is assumed to be stabilizing. Comparing the low-density and high-density
plasma directly shows that the stabilizing effect of the normalized density gradient and/or temperature ratio evens out the destabilizing effect of the normalized ion
temperature gradient. These observations at ρ = 0.8 decorrelates with the calculations of the growth rates in the linear (Fig. 3.12 and 3.21) and nonlinear simulations
where the low-density and modified high-density plasma have approximately the
same growth rate at ρ = 0.8.
The fluxes are denormalized in figure 3.28 in order to account for the specific
parameters
of each profile (Fig. 3.2). The denormalization of the growth rate scales
√
with Ti and enhances the difference between the low-density and high-density
plasma, similar as in the linear simulations. The denormalization of the saturated
5/2
heat flux scales with QgB ∝ ni Ti resulting in a factor QgB that is about 12 times
bigger at ρ = 0.5 compared to ρ = 0.8 which switches the radial location of the
highest saturated heat flux. Moreover, the factor QgB is about 1.2 times larger in
the low-density plasma compared to the high-density plasma. This enhances the
difference at ρ = 0.5, making the saturated heat flux of the low-density plasma
even bigger whereas it decreases the difference for ρ ≥ 0.7 equalizing the saturated
heat flux of the low-density and high-density plasma. Comparing the high-density
with the modified high-density plasma shows that the denormalization related to the
ion temperature profile has a big impact on the saturated heat flux: the discharges
now have a reasonable difference in their heat flux throughout 0.5 ≤ ρ ≤ 0.8.

Figure 3.28: Growth rate (left) and saturated heat flux (right) of the low-density (blue),
high-density (red) and modified high-density (orange) plasma using adiabatic electrons.

To conclude, figure 3.28 shows that the nonlinear growth rates are larger for
the low-density plasma, in agreement with linear simulations, whereas the saturated
heat flux of the low-density plasma is either similar or larger to that of the highdensity plasma. Part of this difference is due to the gyro-Bohm scaling which makes
the heat fluxes of the low-density plasma 20% bigger than those of the high-density
plasma, however, at ρ = 0.5 the difference reaches up to 60%. Note that the difference in heat fluxes is however not sufficient to explain the significant difference in
the level of density fluctuations measured with Doppler reflectometry.
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Analysis including kinetic electrons

Next, we include the effects of passing and trapped electrons in the nonlinear simulations. The heat flux for the ions and electrons for the low-density plasma are
depicted separately, which is shown in figure 3.29, in normalized units as well as in
SI units to illustrate the gyro-Bohm scaling. The perpendicular box includes modes
between 0 ≤ ky ρi ≤ 3 for ρ ≤ 0.6 and 0 ≤ ky ρi ≤ 2 for ρ ≥ 0.7 since it has been
observed that the convergence improves with these specific choices. When using
0 ≤ ky ρi ≤ 2 for ρ ≤ 0.6 the saturated heat flux keeps rising or deviates significantly from its average value, a phenomena which is still observed frequently for
ρ = 0.8 (Fig. 3.29). More thorough research into the dependence of the heat flux on
the box size for this specific position might require deeper convergence analyses,
which we keep out of the scope of this thesis.

Figure 3.29: The evolution in time of the normalized ion heat flux (left) and electron heat
flux (right) for the low-density discharge in normalized units (top) and SI units (bottom).

The ratio of the ion and electron heat fluxes, Qe /Qi and Qi /Qe is shown in
figure 3.30 for the three discharges. Recall that linear simulations showed that the
ITG instability is dominant for ky ρi . 5 and is characterized by either equal electron and ion heat fluxes or an ion heat flux that is larger than the respective electron
heat flux. When the ETG mode is dominant the quasi-linear electron heat flux can
be 50 to 200 times bigger than the ion heat flux. In the nonlinear simulations we
observe that the electron heat flux is dominant up to ρ = 0.6 for the high-density
plasmas and up to ρ = 0.7 for the low-density plasma after which the ion heat
flux is dominant. This observation is in agreement with the linear results showing
that the ETG instability becomes dominant for higher wave numbers when moving
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towards the edge, therefore, it is plausible that it has less influence during the nonlinear simulations at the edge, resulting in a higher ion heat flux. Comparing the
low-density and high-density discharge shows that the low-density discharge has
higher electron heat fluxes compared to its ion heat fluxes which correlates with its
higher normalized electron density gradient throughout 0.5 ≤ ρ ≤ 0.8.

Figure 3.30: Ratio of the ion and electron heat fluxes for the low-density (blue), highdensity (red) and modified high-density plasma (orange) for the four radial positions.

The normalized growth rates of the electrostatic potential are depicted in figure
3.31, whereas the normalized saturated heat fluxes are depicted in figure 3.32. Both
the growth rates as the saturated ion heat flux are larger when treating the electrons
kinetically, therefore, kinetic electrons have a destabilizing effect on the modes,
similar as in linear simulations. The trend of the saturated ion heat fluxes remains
the same: the low-density discharge has a larger ion heat flux for ρ = 0.5 but a
lower ion heat flux for ρ ≥ 0.7. However the difference between the low-density
and high-density discharge is larger for ρ ≥ 0.7 compared to the nonlinear simulations with adiabatic electrons, resulting in a significantly higher saturated heat
flux for the high-density discharges. This is counter-intuitive since the low-density
discharge has a higher normalized electron temperature gradient and therefore the
destabilizing effect of the kinetic electrons is expected to be stronger, moreover it
has a higher normalized ion electron temperature and density gradient, therefore,
the most likely explanation is that the normalized density gradient acts stabilizing –
or the temperature ratio or normalized electron temperature gradient are stabilizing
but this is less likely since the ratio of heat fluxes shows that the ITG mode is probably dominant at the edge, for which these parameters are generally destabilizing.

Figure 3.31: The growth rate in normalized units (left) and SI units (right) for the lowdensity (blue), high-density (red) and modified high-density plasma (orange).
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Figure 3.32: The normalized saturated ion heat flux (left) and electron heat flux (right) of
the low-density (blue), high-density (red) and modified high-density plasma (orange).

The saturated electron heat flux differs from the ion heat flux. At ρ = 0.5 the
electron heat flux is considerably stronger, which would imply that the dominant
microinstability is ETG driven. The low-density plasma has the highest electron
heat fluxes at ρ = 0.5. When moving towards the edge the electron heat fluxes of
the three discharges approach each other, which is again counter intuitive since the
three normalized gradients of the low-density plasma are bigger towards the edge,
compared to the high-density plasma. Comparing the high-density and modified
high-density plasma shows that the lower normalized ion temperature gradient in
the modified high-density plasma has a destabilizing effect on both the electron and
ion heat flux at ρ = 0.5, which is counter-intuitive. However note that ρ ≤ 0.6 is
more prone to convergence problems so it could be due to a numerical issue.
The fluxes are denormalized in figure 3.33 in order to account for the specific
parameters of each profile (Fig. 3.2). Recall that the normalizing factor QgB is about
12 times bigger at ρ = 0.5 compared to ρ = 0.8 which switches the radial location
of the highest saturated heat flux to ρ = 0.5. Moreover, the factor QgB is about 1.2
times larger in the low-density plasma compared to the high-density plasma.

Figure 3.33: The saturated ion heat flux (left) and electron heat flux (right) of the lowdensity (blue), high-density (red) and modified high-density plasma (orange).

Figure 3.33 contains the main results of the present section. In the presence
of kinetic electrons, the ion heat flux of the high-density plasma for ρ ≥ 0.7 is
about 50% larger than that of the low-density plasma, whereas it is almost 100%
smaller at ρ = 0.5, which goes beyond the gyro-Bohm scaling. The differences
in ion and electron heat fluxes of the two discharges is however not sufficient to
explain the difference in the level of density fluctuations measured by the Doppler
reflectometry system which are able to reach up to one order of magnitude.

Chapter 4
Conclusions and Future work
Measurements of the Doppler reflectometry system show that the level of fluctuations is up to one order of magnitude lower in gas-fuelled plasmas featuring low
densities compared to those with high-densities. Therefore, two sets of plasma profiles, based on a low-density and high-density discharge of Wendelstein 7-X, are
characterized by means of gyrokinetic simulations in order to investigate whether
they yield comparable differences in linear stability and heat fluxes.
Linear simulations with both adiabatic as kinetic electron treatments indicate
that the microinstabilities present in low-density plasmas have higher growth rates
than those in high-density plasmas. This is not particularly linked to the density
but to the specific normalized gradients and temperature ratios in the selected discharges. The low-density plasma features larger electron to ion temperature ratios
as well as larger normalized electron temperature and density gradients which are
destabilizing. Moreover, kinetic electrons are shown to have a destabilizing effect.
In the area of accessible wavevector values of the Doppler reflectometry system the
difference in growth rates of the two discharges reaches up to 30% which is however not sufficient to explain the difference in density fluctuations which reaches up
to one order of magnitude. Moreover, the discharge with lower growth rates (highdensity) corresponds to the discharge where Doppler reflectometry finds stronger
fluctuations. Therefore, the linear stability properties at the available wavevectors
of the Doppler reflectometry system questions the idea that stronger fluctuations are
expected for linearly more unstable scenarios.
Nonlinear simulations indicate that the heat flux of the low-density plasma can
be up to 100% larger or 50% smaller than that of the high-density plasma, depending
on the radial position, which goes beyond the gyro-Bohm scaling. The differences
in heat fluxes of the two discharges is however small and not sufficient to explain
the difference in the level of fluctuations measured by the Doppler reflectometry
system which are able to reach up to one order of magnitude. It is important to
note that the calculated fluxes are very sensitive to the used numerical resolution as
well as the choice of the perpendicular box size and the parallel simulation domain,
therefore it is important to conduct more detailed convergence studies.
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Concerning the Doppler reflectometry measurements, the difference in fluctuations, which reaches up to one order of magnitude, is not found in any of the
turbulence related quantities that have been analyzed such as the growth rates and
heat fluxes. Therefore, it is possible that the observed difference in fluctuations is
due to a delocalization of density fluctuations in the vicinity of the range of measurement of the Doppler reflectometry system in one regime respect to the other.
Linear simulations show that the parallel mode structure of the electrostatic potential, which is proportional to the density fluctuations, peaks at the position where
the beam of the Doppler reflectometry system is approximately reflected (ζ = 0,
θ ≈ 0), when the ITG mode is dominant, which is the case for small ky . However,
for larger wavenumbers it is possible that the fluctuations are localized away from
(ζ = 0, θ ≈ 0). In future work we plan to address the calculation of density fluctuations in order to determine whether the density fluctuations indeed peak at the
position where the Doppler reflectometry system performs measurements.
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Appendix A
Normalized quantities
The normalized quantities used by the gyrokinetic code stella are given in tables
A.1 and A.2. The reference quantities can be found in table 2.1.
Table A.1: Normalized quantities used in the stella code. Here s stands for species,
tildes denote normalized quantities and r denotes reference quantities given by table 2.1.

Symbol

Definition

Normalized quantity

T̃s

Ts /Tr

Temperature

ñs

ns /nr

Density

m̃s

ms /mR

Z̃s

Zs /Zr

ṽth,s

vth,s /vth,r

Thermal velocity

t̃

(vth,r /a) t

Time

x̃

x/ρr

Radial perp. coordinate

ỹ

y/ρr

Poloidal perp. coordinate

R̃

R/a

Major radial coordinate

Z̃
~˜
∇

Z/a
~
a∇

Vertical coordinate

ṽk

vk /vth,s

Parallel velocity

ṽs2

2
v 2 /vth,s

Velocity squared

Mass
Charge state

Gradient operator
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Table A.2: Normalized quantities used in the stella code. Here s stands for species,
tildes denote normalized quantities and r denotes reference quantities given by table 2.1.

Symbol

Definition

F̃0s

3
(vth,s
/ns ) F0s

g̃k,s

Normalized quantity
Equilibrium dist. function

−ṽs2

(a/ρr ) (1/F0s )e

ĝk,s

Guiding centre dist. function

ϕ̃k

(a/ρr ) (e/Tr ) ϕk

ψ̃
I˜

2ψ/aρr Br

µ̃s
p̃

2
µs Br /vth,s
2µ0 p/Br2

β̃

2µ0 nr Tr /Br2

k̃k

akk

Parallel wavenumber

k̃x

ρ r kx

Radial perp. wavenumber

k̃y

ρr ky

Poloidal perp. wavenumber

ω̃

(a/vth,r ) Real [ω]

Mode angular frequency

γ̃

(a/vth,r ) Imag [ω]

Mode angular frequency

Γ̃s

Γs /ΓgB,r

Particle flux

Q̃s

Qs /QgB,r

Heat flux

Π̃s

Πs /ΠgB,r

Angular momentum flux

Perturbed electrostatic potential
Magnetic flux

I/(aBr )

Current
Magnetic moment
Plasma pressure
Plasma beta

The gyro-Bohm reference units are defined to be
ρr
nr vth,r
`r

(A.1)

ρr
2
nr `r mr vth,r
`r

(A.2)

ρr
nr Tr vth,r
`r

(A.3)

ΓgB,r ≡
ΠgB,r ≡

QgB,r ≡

Appendix B
Influence of the parallel
simulation domain
The length of the parallel simulation domain is able to affect the calculated growth
rate and frequency when the ETG mode is dominant. The influence is investigated in
figure B.1 by simulating the instabilities inside the low-density discharge at ρ = 0.7
by means of linear simulations using kinetic electrons for 6 different lengths of the
parallel simulation domain, ranging from 1 to 6 poloidal turns respectively.
The ITG modes are dominant for ky ρi . 5 after which a transition to ETG
modes occurs, when the wavenumber is increased. When decreasing the length
of the field line, this transition is delayed. Only the growth rate and frequency of
ETG modes are affected by the choice of the parallel simulation domain whereas
the spectrum of the ITG mode is unaffected by this choice. Note that the length of
the parallel simulation domain can however degrade the convergence of ITG modes
since their parallel mode structure is very narrow along the magnetic field line, thus,
a small parallel simulation domain is able to better resolve the mode structure.

Figure B.1: Normalized frequency (left) and linear growth rate (right) as a function of the
normalized perpendicular binormal wavenumber ky ρi for the low-density plasma at ρ = 0.7
and 6 different lengths of the magnetic field line, ranging from 1 to 6 poloidal turns.
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The growth rates in figure B.1 associated with the ETG modes occur in three
branches, which grow in strength when the length of the field line is increased.
These branches are related to which eigenmode is excited, which is visualized in
figure B.2 by plotting the normalized electrostatic potential, ϕ2 /ϕ2max , along the
magnetic field line for different binormal wavenumbers and three different lengths
of the parallel simulation domain. ITG modes (for ky ρi . 5) are characterized by
having a single peak at the centre (ζ = 0) of the magnetic field line, regardless of
the length of the parallel simulation domain. The mode occurring for 7 < ky ρi ≤ 10
when simulating along one poloidal turn is characterized by two peaks at ζ ≈ ±π/2.
For the ETG mode the parallel structures are more complicated: (i) for short flux
tube lengths (1 poloidal turn) the ETG mode starts at ky ρi = 11 and is characterized
by almost sinusoidal wave structures; (ii) for intermediate flux tube lengths (2-3
poloidal turns) the ETG mode starts at ky ρi = 6 and ky ρi = 5, respectively, where
the mode is first approximately sinusoidal and is converted at ky ρi = 19 and ky ρi =
17, respectively, into two peaks located at ζ ≈ ±2π; (iii) for long flux tube lengths
(4-6 poloidal turns) the conversion from ITG to ETG occurs at ky ρi = 4.5; 4.5; 3.5,
respectively, and the mode structure is characterized by two peaks located at ζ ≈
±4π, moreover, for ky ρi > 22 the eigenmode with peaks at ζ ≈ ±2π is dominant
again and the upper growth rate branch coincides with the middle branch (Fig. B.1).

Figure B.2: Parallel mode structure ϕ2 /ϕ2max for 0 < ky ρi < 23 along the same magnetic
field line for three different lengths, namely, 1 (top left), 3 (top right) and 6 (bottom) poloidal
turns, where 1 poloidal turn equals 1.12 toroidal turns along ζ.

It is important to know which choice of the parallel simulation domain more
accurately describes the physics. Moreover, concerning the discussion of whether
the electrostatic fluctuation peaks at (ζ = 0, θ ≈ 0), which is the designed cut-off
position of the Doppler reflectometry system, it can be seen that the answer depends
on the choice of the parallel simulation domain. Generally, as the parallel simulation
domain is chosen to be bigger, the fluctuations no longer peak at (ζ = 0, θ = 0) but
instead tend to peak at (ζ = 0, θ = ±ι2π) or (ζ = 0, θ = ±ι4π) if the ITG mode is
not dominant. It has been shown that the choice of parallel simulation domain also
affects the saturated heat flux calculated by means of nonlinear simulations [40].
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