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Abstract

It is computationally shown that quasi-axially symmetric �nite-� stellarators can simultaneously

exhibit good collisionless �-particle con�nement and ballooning-stability properties.

1. Introduction

Quasi-axisymmetric con�gurations can be found by straightforward optimization of

the strength of the magnetic �eld in magnetic coordinates, B(s; �; �), in genuinely 3D

toroidal con�gurations towards B(s; �) [1]. Taking into account additional physics

goals, as e.g. stability requirements, generally results in small deviations from the

quasi-symmetry which may deteriorate the collisionless �-particle con�nement [2]. A

possibility to mitigate this problem consists in direct incorporation of the collisionless-

con�nement behavior into the optimization procedure [3], [4], [5]. Here, in addition,

ballooning instability as evaluated within the ballooning formalism applied to suitable

�eld lines was incorporated into the optimization.

In a �rst step, two- and three-period �nite-� quasi-axisymmetric stellarators (i.e. 3D

equilibria without net toroidal current) have been studied. For both cases (which,

of course, di�er in their equilibrium and stability properties) successful though pre-

liminary optimizations were performed with the help of a spectral truncation which

eliminates very small (jBm;nj < 0:005B0;0 for N=2 and jBm;nj < 0:003B0;0 for N=3)

Fourier components from the magnetic �eld strength.



2. Results

2.1 N=3 optimization

Given the computational di�culties encountered for two-period cases (see below), a

presumably less demanding three-period case study was selected �rst. In the following

results are shown for an optimization carried out at aspect ratio A � 6, �<�
3

5
, h�i =

0:035.

Figure 1 shows the collisionless �-particle con�nement.

FIG. 1. Collisionless �-particle losses in the con�guration shown in Fig. 6 at h�i=0.035 as a function

of the time of ight. Particles are started at sstart = 0:0625 () and sstart = 0:24 ( ) (� 1=
4 and

1=
2 of the plasma radius); the dashed lines show the fractions of reected particles (0.16 and 0.19,

respectively). The numbers of reected particles followed are 324, 384, respectively; each symbol

indicates the loss of one particle. Normalizations: Bo = 5 T, plasma volume 1000 m3, kinetic energy

of �-particles 3.5 MeV.

The spectrum of B is shown in Fig. 2 and { as expected { clearly exhibits the

strong closeness to exact quasi-axisymmetry. The spectrum of the small asymmet-

ric Fourier components indicates the formation of a collisionless transport barrier.



FIG. 2. Fourier coe�cients Bm;n versus ux label of the con�guration characterized in Fig. 1.

B(s; �; �) =
P

Bm;n(s) cos [2�(m��n�)]. � = 0 corresponds to the plane at which the cross-section

is crescent-shaped (see Fig. 6). B0;0 is plotted in the form B0;0(s)�B0;0(0) and B0;0(0) = 1. Left:

symmetric Fourier coe�cients, right: asymmetric Fourier coe�cients. The truncation parameter in

the optimization is 0.003B0;0(0).

FIG. 3. Rotational transform and stability pro�les of the con�guration shown in Fig. 6, top. Left:
rotational transform; right: + Mercier criterion, � resistive interchange criterion.

Figure 3, left, shows the rotational transform pro�le, which is characterized by pos-
itive shear (in stellarator-community notation) and avoidance of the natural reso-
nances 3

6
and 3

5
. Figure 3, right, shows the stability of the interchange-type modes;



absence of formal instability at � = 6

11
indicates narrowness of this resonance. Figure

4 shows how, by ballooning optimization, the zero in the ballooning solution has been
removed to approximately 2.5 toroidal periods which indicates weak local-ballooning
instability. Increasing h�i to 0.045 and 0.06 leads to resistive interchange and Mercier
interchange marginality, respectively. For h�i = 0:06, weak non-local high-node num-
ber ballooning instability is found, see Fig. 5, so that h�i = 0:05 may be quoted as
the MHD stability limit of this con�guration.

FIG. 4. Ballooning solution on an arsinh scale vs. normalized �eld line variable; unity corresponds

to one period. The zero of the solution is used during optimization.

FIG. 5. Result from the CAS3D stability code: Flux-surface averaged energy terms for an unstable

perturbation in the qa case of FIG. 6 with h�i=0.06. The various contributions are driven by the

�eld line bending (label 1), local shear and parallel current density (2), the �eld compression (3)

(very nearly vanishing), curvature terms (4), and sum up to �2W (5). Computation parameters:

poloidal node-number � 80, radial grid size Ns = 192, � 80 perturbation Fourier components,

CAS3D2MN. The small negative eigenvalue indicates near-marginality; at h�i=0.05 this type of

mode is stable.

Figure 6 shows ux surface cross sections resulting from the optimization indicated



above at h�i = 0:035 with nearly vanishing and at h�i = 0:06 with still small Shafra-

nov shift. Figure 7 shows that the �-particle con�nement does not deterioate by

increasing � to h�i = 0:045; at this level of �, some additional Fourier coe�cients

are marginal with respect to the 0.003B0;0 threshold.

FIG. 6. Flux surface cross-sections of the quasi-axisymmetric stellarator of Figs. 1 { 5. Shown are

sections at the beginning, quarter of and half a period. The aspect ratio is approximately six, the

number of periods three. Top h�i=0.035; bottom 0.06.

FIG. 7. Same as Fig. 1, but for h�i=0.045.



Finally, Figure 8 indicates a very small neoclassical equivalent ripple at half the

plasma radius.

FIG. 8. Normalized transport coe�cient D� versus normalized mean free path L� (for notation,

see [6]) at half the plasma radius. The dashed line (additional to those indicating the normaliza-

tions) gives the PS result for the equivalent circular tokamak. The level of the 1=� regime can be

characterized by an equivalent ripple of �e < 0:001.

2.2 N=2 optimization

In the following results are shown for an optimization carried out at aspect ratio

A � 4, �<�
2

5
, h�i = 0:025 and, initially, jBm;nj > 0:005B0;0, i.e. with a somewhat

higher threshold than in the three-period case, because it had to be expected that

a larger set of boundary variables has to be used to achieve good con�nement at a

lower threshold.

Figure 9 shows the optimization result, Figure 10 the structure of B found. Note that

{ at least at this preliminary stage of optimization { the dominant mirror and helical

components (B0;1; B1;1) behave qualitatively di�erent from the three-period case.



FIG. 9. Same as Fig. 1, but for N=2 and h�i = 0:025.

FIG. 10. Same as Fig. 2, but for N=2 and h�i=0.025 and truncation parameter 0.005B0;0.

Figure 11 indicates the rotational transform pro�le which avoids resonances 2

6
and 2

5
.

As to the stability, variation of the � value indicates a stability limit of h�i = 0:035.
Finally, Fig. 12 shows the ux surface cross-sections, which are generally very similar
to the ones found for three periods. but, e.g. exhibit a slightly larger vertical excursion
of the plasma column.



FIG. 11. Rotational transform and stability pro�les of the con�guration shown in Fig. 12. Left:

rotational transform; right: + Mercier criterion, � resistive interchange criterion.

FIG. 12. Flux surface cross-sections of the quasi-axisymmetric stellarator of Fig. 9; h�i=0.025.

3. Summary

The optimizations presented above suggest that qa �nite-� stellarators with good �-

particle con�nement and stability properties probably exist. However, the results { in
particular for the two-period case { are preliminary. Some important further issues are
the role of the spectral truncation used (which will be connected to the sensitivity of
these con�gurations to imperfections in realization), free-boundary equilibria realized

with coils, the inuence of the bootstrap current, the control of the geometry for

varying plasma parameters and the quality of the magnetic surfaces.
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