HTML AESTRACT * LINKEES

PHYSICS OF PLASMAS VOLUME 11, NUMBER 5 MAY 2004

Probabilistic finite-size transport models for fusion: Anomalous transport
and scaling laws

B. Ph. van Milligen
Asociacim EURATOM-CIEMAT para Fusig Avda. Complutense 22, 28040 Madrid, Spain

R. Sanchez )
Departamento de Bica, Universidad Carlos Ill, Avda. de la Universidad 30, 28911 LegaSpain

B. A. Carreras
Fusion Energy Division, Oak Ridge National Laboratory, P.O. Box 2001, Oak Ridge, Tennesee 37831-2001

(Received 24 November 2003; accepted 17 February 2004; published online 19 Apsil 2004

Transport in fusion plasmas in the low confinement mode is characterized by several remarkable
properties: the anomalous scaling of transport with system size,(atiffcanonical”) profiles,

power degradation, and rapid transport phenomena. The present article explores the possibilities of
constructing a unified transport model, based on the continuous-time random walk, in which all
these phenomena are handled adequately. The resulting formalism appears to be sufficiently general
to provide a sound starting point for the development of a full-blown plasma transport code, capable
of incorporating the relevant microscopic transport mechanisms, and allowing predictions of
confinement properties. @004 American Institute of Physic§DOI: 10.1063/1.1701893

I. INTRODUCTION in recent publications. A well-known generalization of diffu-

sive transport is the continuous time random wWalk

Radial transport in the magnetic confinement devicesCTRw), in which the microscopic motion of individual par-
used in thermonuclear fusion research has a strong stochasfigjes is governed by certain probability distributions. When

Componenf‘. The motion of individual Charged partiCles in these probablllty distributions are chosen to be of thEyLe
these systems is affected by collisions, by the interactioqype, scale-free transport may result. One of the first ex-

with the magnetic field,and instabilities and turbulenéé. . . )
2 . ) amples of its use to study plasma transport in stochastic mag-
The magnetic field has a toroidal topology and is character-

. . . Petic fields can be found in Ref. 1. The CTRW approach is
ized by nested magnetic surfaces, embedded islands, and s Cf - .
chastic zone&:7 Thus, it is not surprising that the macro- closely connected to system descriptions in terms of frac-

scopic transport in this exceedingly complex system is no{'onal differential equatlor'}é (FDES, which has also been

properly described by a classical diffusive equation, in which®XPlored recently in the context of plasma transpotf.An

the transport properties of the system are modeled through glternative and more qualitative approach to the problem was
set of diffusivities and conductivities. The appropriateness oProvided by the ideas of self-organized critica{§0Q."" It

the diffusive(or “Fickian” ) approach ultimately relies on the was shown that “sandpile” toy models exhibit dynamics that
existence of some microscopic scales that govern the trangfe qualitatively similar to those encountered in a confined
port in the systenifor instance, the ion Larmor radius, the plasma, at least in terms of global confinement time scaling
eddy size, the collision frequency, or the eddy turnover time and rapid propagation phenomefia?° It has, however, re-

If such characteristic scales exist, then the experimentallynained difficult to translate any of these related approaches
obtained diffusivities and conductivities can be used to preinto a useful transport model for fusion plasmas.

dict transport in a system of a differefirgey size. How- The work presented in this article must be understood in
ever, most studies of global scaling properties of transporhis context. Our purpose is to explore the possibilities of
indicate that the transport parameters do depend on the Sysrw models for describing transport in fusion plasmas and
tem sizé” This strongly suggests that transport in these de’[o identify the minimal ingredients needed to reproduce the

vices lacks such a c;hgractensﬂc scale: the_scales 9Overning sic phenomenology observed in the experiment. In particu-
transport are only limited by the system size and the dis;

charge duration. Perturbative experiments also point towarajgr' we focus our attention on the most important predictive

the absence of a characteristic scale, namely via the existenE%OIfIn fUS.IOIH research, namzl){, the gllpbal gohnflrr:ement time
of so-called “long-range correlations>This state of things 7" (of particles or energy and its scaling with the system

suggests that, to be able to describe plasma transport prop2€: the source ratée; (denominated “heating” or “power
erly and make reliable extrapolations towards larger systerf€Position” in the fusion contextand other global param-
sizes, it might be more appropriate to look for alternate de&ters. Experiments show thateteriorates with the external

scriptions to the Fickian approach that do not rely explicitly Power sourcéas 7~ P,y® °") and that it scales slower than
on the existence of such characteristic scales. the diffusive prediction £~L?) with the system siz&.In

Several approaches to this problem have been explorealddition, we investigate the possibility of handling superdif-
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fusive propagation of perturbations in the modeling frame-  As mentioned in the Introduction, it is useful that the
work, as this also is an important characteristic of transporCTRW model possesses an associated master equation. This
in fusion plasmas. requirement reduces the range of admissible choiceg for
The paper is organized as follows. In Sec. Il the theorysomewhat. Here, we will assume that the pdééparable
of CTRW’s will be discussed, and we will pay particular
attention to the possibility of modeling the CTRW system by &(x—x',x/;t—t’,t)=p(x—x',x";t) (X" ;t—t"). 3
means of a generalized master equatiGME). The GME
provides a probabilistic description of the CTRW, thus elimi- This pdf is separable in the sense ta the product of two
nating the need for constructing a particle tracking code andtatistically independent pdf’s, nametyfor the particle step
greatly enhancing the practical usefulness of this approackize andy for the waiting time. Note that we have intention-
The GME is derived for a particular CTRW, not previously  ally assumed thay is invariantin time, but at the same time
studied in literature, namely with explicit space and timewe permit a dependence or’(t) of p. It will soon become
dependence of the particle step probability distribution funcclear that this particular choice is sufficiently unrestrictive to
tion (pdf), for a finite-size system, and with an external permit interesting dynamics in the sense of the Introduction.
source. These particular properties make this CTRW very |n the following subsectionél A—Il E ) we shall discuss
appropriate for modeling transport in fusion plasmas. In Secsome general properties of this particular CTRW model.
1, a toy model based on these ideas is explored numericall¥irst, in Sec. Il A we will prove that a master equation indeed
to demonstrate that it indeed exhibits the desired phenonmexists for the joint pdf defined by Ed3). Second, if the
enology. Section IV provides a discussion and Sec. V giveE€TRW is to be able to describe transport in confined plas-
some conclusions. In summary, it is suggested that thenas, it must be spatially restricted to a bounded domain and
CTRW formalism might be a serious candidate for imple-admit steady state solutions. These issues are discussed in
menting all these ideas in the framework of a unified modelSec. 11B. In Secs. IIC and 11D we will discuss how the
of transport in fusion plasmas with real predictive capabili-CTRW defined in Eq(3) must be modified to describe a
ties. transport model that lacks any characteristic scale and exhib-
its “power degradation” similar to that encountered in real
plasmas. Finally, all these results are collected in Section
Il. THEORY Il E, where a general form for a CTRW model encompassing

The classical one-dimensional CTRW mddetonsists 2l these properties is proposed.
of particles or yvalke.r:{we will use both terms interchange- A The generalized master equation
ably) that wait in their positiorx for a lapse of timeAt and , ) . o
then take a step of sizax. At and Ax are drawn from a In this subsection, we intend to show that it is indeed
joint pdf & Following the standard use in statistics, we re-Possible to find a generalized master equation that corre-
serve the namerobability distribution (PDF) for the prob- ~ SPONds to the CTRW model defined by H). This is a
ability of the walker performing a jump smaller tha after ~ Nontrivial exercise, due to the explicit time dependence in
a lapse of time shorter thakt; thus the pdf is the derivative the Step size pdp, which Zant usually considered in the
of the PDF with respect to both arguments. This joint pdflitérature on CTRW models. Generally speaking, a gener-
then depends, in its most general form, on the space and tinfiized master equation is an evolution equation for the local

coordinates of both the origin and the destination of eactProPability deznsity of finding a walker at a given location at
particle jump:é(x—x’,x":t—t’,t') specifies the probability & 9iven time?? In the infinite spatial domain, it has the gen-

that the particle makes a jump of sid&=x—x', fromx’ to  eral form
X, after having remained a timet=t—t'=0 atx’. Conser- X0
. - . an X,t t o
vation of probability requires that — :f dt’j dX'K (X x—x":t" t—t)n(x’,t')
0 —o0

J‘dxf dré(x—x"x";7,t")=1 V x' t’. (1) .
- ° f dx' K(x,x"—x;t",t—t") |,

t
—f dt’'n(x,t’)
The system may exhibit a vast spectrum of dynamical 0
behavior, depending on the form of the ggithat will result 4
in different functional forms for the probability density of
finding the walker inx at timet, n(x,t). We will also referto  where the kerneK (x’,x—x’;t’,t—t’) gives the transition
n(x,t) asparticle density for if the motion of N walkers is  probability of finding atx at timet a particle that was at’
given by the joint pdf, the number of particles at position at timet’. The first term of the right-hand sid&HS) gives
and timet is Nn(x,t). If we chooset to be a product of the  the contribution of particles arriving at between times 0

form andt, and the second term that of particles leavindpe-
o (< x)?140? o-Atimp tween times 0 antl. The kernel must guarantee particle con-
E(x—=x"x";Att") = , 2) servation, so
20'\/; D
the resulting CZZTRW is a diffusive process with diffusion co- fxdem AXK(X' X=Xt/ 1) =1, ®)
efficientD = o/ 7 (cf. Appendix B. 0 —
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The probability density that appears in the generalized At this point we must depart from the derivation made in
master equation is the ensemble average over many differeRef. 21, since our problem is not spatially invariant due to
realizations of the CTRW for a single walker. In this sense, itthe explicit dependence of both and ¢ on x’. We can,
yields a probabilistic description of the evolution of a large however, use the Laplace transform
number of walkers, having self-evident advantages from a .
computational point of view, since it eliminates the need to L[f(t)]:f(s):f e S (t)dt (13
follow a large amount of particles simultaneously. 0

To derive a GME for the joint pdf defined in E(B) we g rewrite the convolution in Eq(6) as
proceed initially by following Ref. 21. First, we write the

probability of finding the walker at at timet as n(x,s)=7(x;8)Q(X;s). (14)
‘ This, together with the auxiliary distribution

X;S)= ———— 15

#(x;9) 7(XS) (15

where n(x;t—t") represents the probability that a walker, ) ) )
located a’ at timet’, remains in the same position at time &/lows us to rewrite the last integral in the RHS of Ef2)

t. Clearly, this probability is given by as

t
t ’ Py 4! Pyt
n(x’;t):l—fodmp(x’;q-), @ Jodt YK = t)QX't)

The quantityQ(x;t) represents the total probability of =LIP(X9)R(XE9) =L (xTi9n(x",9)]

the walker arriving at positiolx at timet by any possible (., . . o
route (any number of jumps?® Thus, it can be decomposed = Odt (X" t=t)n(x",t") (16)
as a sum over the probabilities of arriving there by a fixed
number of jumps: so that Eq(lZ) becomes
S Q(x;t)—&(x)é(t)zf dx’ p(x—x',x";t)
Q(x:t)=§o Q(xt), ®) —

. t
whereQ’(x;t) is the probability of arriving at positior at Xf dt’ p(x';t—t")n(x’,t"). a7
time t by preciselyj jumps. By definition,Q!(x;t) satisfies 0
the following recurrence relation: Applying the Laplace transform to E¢L7), we find
Ql(x;t) Q(X;8) = 8(x) =9g(X;s), (18)

= t . where we have defined
=f dx’f dt’é(x—x' x";t—t" ,0)QI"Y(x":t") (9
— 0

g(x;s)=L J dx'p(x—x',x";t)

with the initial condition

QUx;t) = 5(x) (1), (10 X J;dt’¢(x’;t—t’)n(x’,t’) . (19

which simply reflects the fact that the walker cannot move in
a time interval of zero length.

Combining Egs.(8), (9), and (10) yields a recursive
equation forQ(x;t): [sn(x,s)—8(x)]— 8(x)[sn(x;s)—1]

Q(x;t)— 8(x) &(t) =[sn(x;s)+1-1]g(x;s). (20

E t Using L[df/at]=sf(s)—f(0), Eq. (20) can be Laplace-
=fﬁ dX’fodt’f(x—X’,X’;t—t’,t)Q(X’;t’), (1) inverted to obtain

Multiplying Eq. (18) left and right bys#(x;s) and using
Eq. (14), it can be written:

L . o o an(x,t) an(x;t) [t =
which is the starting point in the derivation of the general- g = 5(x) 7 +f dt’f dx' dp(x";t—t")
ized master equation. Inserting our choicetpfjiven by Eqg. 0 o
(3), we obtain: Xp(x—=x",x";t)n(x’,t")
Q(x;t)— 8(x) 4(t) +L Y[sn(x;5)—1]g(x;9)]. (21)
* t To simplify the last term in Eq(21), we again use Eq18):
=f dx’p(x—x’,x’;t)f dt’ (x";t—t")Q(x';t"). implify in Bqe21), we again u 418
h O (xi9)= 2 s 22
X;8) = —————— (),
(12 J 7(x:9)
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which, combined with the Laplace transform of K@), al- locations insidg0,1], but also for direct transfer out of the
lows us to write system. However, it is possible to recover the standard GME
form by rewriting it as
[s7(x;8)—11g(x%;5) = — p(x;5)N(X,5) + S(X)h(X;S). Y J
(23 an(x,t) t 1
=f dt’f dx' ¢(x";t—t")p(x—x',x";t)
This result can be used to Laplace-invert the last term in the at 0 0

RHS of Eq.(21), so that this equation becomes

t
an(x,t) xn(x’,t’)—fodt’¢(x;t—t’)n(x,t')

t ®©
pm zfodt fﬁxdx d(x";t—1")

1
S p(X—x' X )X’ 1) X fo dx'p(x" —x,x;t) | —L(x,t), 27
t whereL(x,t) is given by
—f dt’ ¢p(x;t—t")n(x,t’"), (24)
0 t
o _ _ L<x,t>=f dt’ p(x;t—t)n(x,t")
which is the generalized master equation we sought. The 0
transition kernel appearing in E() is thus given by 1
K(x' ,x—x";t" t—t")=p(x";t—t")p(x—x',x";t). (25 x 1_f0 X p(X" =X, X 1) | (28)

Here,L(x,t) is identified with particle losses through the
system boundaries originating at positierat timet. Thus,

The CTRW must be spatially bounded to be useful forthis term may also be viewed as an absorbing boundary con-
describing transport in confined plasmas. Without loss offition at the boundaries of the domain of the restricted
generality, we will assume it to be restricted to the regionCTRW.
0=x=1, i.e,,x is a normalized spatial coordinate that ab- As mentioned before, we include an external source
sorbs the system size. When a particle takes a step such th(x,t) to balance these losses and allow the system to reach
its new positionx lies outside of the ranggD,1], it is con-  steady state. Thus, the final GME for the restricted CTRW
sidered lost. Thus, particles are no longer conserved insideads
the system, and an external source I8fg,t) must be in-
cluded for the CTRW to yield steady state solutions. Note
that the finite size and the continuous fueling set our model at
somewhat aside from some other general systems studied in
the CTRW framework!

The GME that corresponds to the restricted CTRW dif- L, _ , ,
fers slightly from Eq.(24). It is easy to see that the deriva- - jodt d(xt=t)n(x,t'). (29
tion of the preceding subsection remains essentially un-
changed if we assume that once the walker moves outside of 1he system will possess a steady state in the presence of
[0,1] it is lost. This is so because the only mathematical tooP time-independent external source if the number of particles
that was used in the derivation is the Laplace transform, t§onfinedinside any finite part of the systeis constant in
exploit the time invariance of the unrestricted case, and thi§me. This condition can be rewritten as
symmetry property is also present in tfspatially restricted 1 t
case. In fact, for the restricted CTRW, the equation equiva- S(X)I—f dx’n(x’)p(x—x’,x’;t)f dt'¢(x";t—t")
lent to Eq.(24) is 0 0

t
n(x,t) (o1 +n(x) | dt’¢(x;t—t’), (30)
7 —fodt JO dx' ¢p(x";t—1t") fo

B. Restricted CTRW: Steady state

an(x,t)

=9(x,t)+ fotdt’ Joldx’g{)(x’;t—t’)

Xp(x—x"x";t)n(x’',t")

which requires that the RHS of EB0) must be independent
of time. Thus,p and ¢ cannot be both chosen arbitrarily,
t which is a subtle but important consequence of our choice
- fodt' d(x;t—t")n(x,t’). (26)  for the joint pdfé [Eq. (3)]. A particularly simple case is that
in which the step size pdb is time independent. Then, to
The only effect of restricting the CTRW is to modify the reach steady state it is sufficient that
integration limits of the first term in the RHS, which ac- Pt 41— ot
counts for the particles coming to at timet from other POt-t)=g(x)a(t—t), @D
locations in the spatial domain. However, this equation dif-i.€., the waiting time pdf must follow an exponential law:
fers formally from a standard GME ina flnl'te doméisince POX =) = g(x" e~ 90, (32)
the spatial integral of the transition kernel in the second term
of the RHS extends ovégr-«,x~], not[0,1] [see Eq(4)]to  Inthe remainder of this article, we will restrict the discussion
account not only for the transfer of particles fromo other  to exponential waiting time distributions.

Xp(x—x"x";t)n(x’,t")
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C. The absence of characteristic scales However, in fusion plasmas it is observed thatL*,
In this section, we will briefly discuss the scaling prop- with «<2.” Within the diffusive framework, this result is

erties of the CTRW model defined by EQ9). We will show often inte_rpreted in_ the sense tr.(aéf) (and thusD) ap-
that the model is general enough to include transport propefars t0|_ncreaseW|th _syst_em SIZE. I-_|owever, from the
cesses that are not dependent on the existence of any undBpNt B View adopted in th|s_ article, this _re_sult would rather
lying characteristic scales. Central to this discussion is th ppear to imply that there iso characteristic length scale,

concept of “global confinement time” of the system, since ut instead, that all sgales contribu_te, up tq the cutqﬁ im_—
the characteristic length scale issue was raised in relatioRosed by the _syste_m SIz€. In fact, this behavior is obtameq n
with the (anomalous scaling of this quantity with system a natural fashion within the CTRW model when the Gaussian

ize. For the CTRW it is defined step size pdf is replaced by e stable distributioné® Such
size. rorthe 15 defined as pdf's are characterized by four numbeis. Appendix A,
Niot the most relevant for this discussion being the so-called de-
= St (33) cay indexa (0<a<2), describing the decay of the pdf that

scales ax” ("1 for large x. All pdf moments of ordek

whereN, is the total particle content in steady state 8y >« diverge (when a<2). Thus, most [ey pdf's do not
is the total source rate, integrated overwhereS(x,t) is  have a finite variance, and the calculation af?) along the
assumed to be independent of time. lines of Eq.(36) leads to a result that increases with the

The existence of characteristic time and length scales isystem size(cf. Appendix D, in accordance with observa-
intrinsic to the classical diffusive random walk, defined bytion. This suggests that the use ofyestable distributions to
the joint pdf Eq.(2). Its associated ME is obtained by com- describe transport might be a way to reproduce the experi-
bining Eq.(2) with Eq. (29): mentally observed scaling of the global confinement time.
L L However, as elaborated in detail in Appendix D, the ap-

f dxln(x/,t)e—(x—x’)zmoz pearance of [ey pdf's in the description of transport, in

20w Jo combination with the finite size of the system, leads to a
situation in which the transport coefficientise., finite-size
moments of the pdfdepend explicitly on the system size,
even for small values of. Thus, such transport coefficients,
measured in a system with a certain size, cannot be used to
Usua”y, diﬁusive transport iS not described by thlS equationpredict transport in a System W|th a diﬁerent size_ AsS men-

o7n(x,t)_S N 1
(9t N (X) TD

—n(x,t)]. (34

but rather by tioned in the introduction, at least two complementary ap-
on o2\ é2n proaches for describing transport characterized byyle
= _>W+S(X)’ (35) pdf’s are capable of handling this situation adequately: we

may either replace the standard diffusive equation by a frac-

which can readily be derived from E34) using a Taylor tional differential equatioff (FDE) or use the ME formal-
expansion of the density, since all moments of arbitrary ordefsm- In this article, we explore only the second possibility.
of p and ¢ are finite, thanks to the exponential tails of the

pdf’s for large k—x") and . Significantly, all moments g

can be expressed in terms of its second moment, D. Power degradation

1 % 2 (APHAo? oy 2 In this subsection, we yvi]l discuss under_what conditions
Py fﬁmd(AX)(AX) e =20°. the CTRW model may exhibjtower degradationThe effect
(36) of power degradation is observed experimentally in fusion
plasmas as a dependence of the global confinement time on

For this reasong acts as a true characteristic length the external source rate in the form-S. (y>0).2 The
scale of the system: sineeis is usually much smaller than model presented in Eq29) appears not to allow such be-
the system sizé.e., 0<1), restricting the integration in Eq. havior, sinceN,, depends linearly orS, for any fixed
(36) to the system domaif0,1] still yields an estimation for choice ofp. However,a priori there is no need to restrict the
(Ax?) that is essentially equal toc®. This insensitivity of model to such a choice. In principle, eithgror ¢ may be
(Ax?) to the actual system size is central to the derivation othosen to depend on, e.g(x,t) or on any of its derivatives.
the classical diffusive equatiofcf. Appendix B. More im-  However, one must be careful to avoid invalidating the deri-
portantly, the value of the relevant transport length seale vation of Eq.(29). It turns out that Eq(29) is still valid if the
can be estimated from measurements in small systems, swnlinearities are restricted to a step size pdf of the form
that the results of transport analyses can then be directly
translated to larger systems by a simple scaling argument. )

T~ 10 2. (37 (38)

(Ax?)=

dan
n(x’,t),&(x’,t), .

Indeed, the global confinement time is predicted to scale a@(X—X',X'Jt)ZP(X—X',X';t;f

Recall thato is normalized to the system size, so thatwhich is why we initially assumed an explicit dependence on
T~L2 time and space of the joint pdf The interpretation of Eq.
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(38) is that,at the time it performs a jumphe walker takes Equations(40) and (41) are the most powerful tools in the
the local values of the density and its derivatives into ac-CTRW framework. Note, however, that E¢41) may not
count to choose the length of the jump. converge, depending on the choicefof
We obtain scale-free transport by using step size palf's
that involve Lavy distributions, as described above. These
We now dispose of all the essential elements to build grescriptions complete our CTRW model. Actual choices
tentative CTRW model with relevance for the systems undemust now be made to address any problem of interest.
investigation. Naturally, the proposed “toy model” does not
pretend to provide a complete dgscription of trgnsport iN &, NUMERICAL STUDY
real plasma. In particular, it describes just one figldy, the
plasma density while in fusion plasmas several other fields ~ In this section, we shall investigate a numerical toy
(such as the temperatyrplay a fundamental role. Even so, model designed along the lines of the preceding section. The
extensions to the model are rather straightforward to buildSystem we have chosen is inspired on a common observation
and this simplified model will be sufficient to demonstrate made in experiments with confined plasmas: the anomalous
our main point: that it is possible to provide a satisfactoryscaling of the global confinement appears to be related to the
description of transport in a system that lacks characteristiact that some critical threshold is superseéiediere, we
length scales and exhibits power degradation. assume that this threshold is a critical density gradient,
For practical reasons, we want to be able to use a GMEdN/dx).. To model this behavior, we choogeto be com-
to describe the model. For simplicity, we will limit ourselves posed of two pdf's, one Gaussiamx€2) and another
to CTRWs with an exponential waiting time distribution, so Cauchy @=1), combined in such a way that thslow)
that steady state is easily accessible. We can achieve this B§ffusive transport channel is active only when the local den-

E. A minimal transport model

choosing a joint pd& of the form sity gradient is less than the critical value, while ttfies
anomalous channel takes over control of the local transport
E(x—x"x";t—t";1) when the threshold is overcome:
dn ' dn ’ ’ ’
=D(X_X’,X’;f(n(X’,t),—(X',t), - )) p| X—Xx ;—X(x D) | =X )Pgyn{x—=X",1,01)
dx
+[1-4(X" 1) ]Psyn(X—X",2,02).

e~ (t=t)/mp(x)

N (39 (42)
To(x) The definition ofPg,, is provided in Appendix A. Here

as follows from the previous sections. The nonlinearitypin \ye have defined

is needed to obtain power degradation, and with proper func-

tional dependencies introduces a certain degree of complex- {(x! t)=®(’@(x’ t) _(@ ) 43)

ity in the model, leading to very rich behavior, including ’ dx "’ dx c

fluctuations around a mean value and rapid propagation phes_ince@)(x) is the usual Heaviside step functiaf(x’,t) can

nom‘l?r?:.associated ME is given b be either one or zero, depending on the value of the local
9 y density gradient. The model is then completed, for simplic-
ity, by assuming a spatially uniform waiting time pdf with

N0 —=S(x)— nx.H + fldx’ constant mean waiting timep, and a constant prescribed
at o(X) 0 source rate profileS(x).
In the next sections, after giving a brief description of
dn the numerical techniques used in Sec. Il A and stressing the
X plx—x",x";f[ n(x’,t), —(x',1), ... umer Iques used In Sec. Ing
dx advantages of the ME approach in Sec. IlI B, we proceed to
n(x' 1) examine the system to look for signs of power degradation

, (40) (Sec. 11 © and nondiffusive scalin¢Sec. Ill D) of the global
To(X") confinement time. Finally, in Sec. Ill E we demostrate that
the model exhibits superdiffusive propagation. With this ex-
yielding a recursive equation for the steady state, timeample, we pretend to show the adequacy of the proposed
independent particle densityri/dt=0): framework to model systems in which these phenomena are
observed, as is the case of confined plasmas.

A. Numerical implementation of the model

1
n(x) = 7p(X)| S(x) + f dx’ First, we have programmed the toy model in the form of
0 a CTRW particle tracking code. Second, we have pro-
dn n(x’) grammed a time evolution code according to the ME corre-
Xp(x—x’,x’;f( n(x’),&(x’), . ))T ok sponding to the same model as the chosen CTRW.
D

The CTRW model description is as follows: the one-
(42) dimensional space variabkecovers the range€9x=<1. Par-
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FIG. 1. Steady state profiles afx,t) after the initial transient phase has giG. 2. Sketch of the transport regions in the model, in a critical situation.
died out. It is seen how the CTRW model converges to the ME regwitis

S=0.5) as the number of particles in the system is increased.

except for the number of particlésin the system. In Fig. 1,
ticles are added according to a preset constant fueling ratbe results are compared to a run with the master equation,
S(x) (number of particles per time and space urititially, which corresponds to the limN—oo.
the system time is set to zero. A preset amount of particles The convergence of the CTRW results to the ME are
is loaded to initialize the system. When a particig¢ {s clear, and the practical advantages of using the ME model
added[at a random position according to the distribution are evident(a) the CPU time consumption is much less than
S(x)], it is assigned a waiting time; (selected randomly the CTRW modelwhen the number of particles is higland
from an exponential distribution with meam,) after which  (b) it corresponds much better to our physical system,
it will perform a jump. namely a plasma with-10?° particles(such an amount of

The iterative part of the program is as follows: The pro-particles being impossible to simulate with the CTRW code,
gram searches for the first particle to jump next. Once foundeven on the fastest computers to daféhe results presented
particles are added according to the length of the time interin the following subsections have therefore been obtained by
val from the current time to the first jump time, matching thethe ME code.
given fueling rate. Then the system is searched again for the
first particle to jump and the system time is advanced to this
time. This particle now performs a jump with a size drawncC. Scaling of the global confinement time with the
from a step distribution. If the particle jumps out of the spa-external fueling
tial range, it is lost. If not, it is assigned a new waiting time.
Finally, the whole process is repeated iteratively.

In the realization presented here, we have chosen th

The toy model has two limits as a function of the exter-
nal fuelingS: at weak fueling §6<S;), the anomalous trans-
waiting time 7o —1 and seS(x) — constant. To compute par- Sort chanpel is never activatgd since the gradient 'remains
ticle density pDrofiIesn(x) it is necessary .to divide the con- below critical everywhere, while at very strong fueling (

' >S,) the system behaves almost as a purely anomalous sys-

tinuous space variable in discrete bins, and count the number ™ .. 2 supercritical gradieritdn/dx|>(dn/dx).] al-
' 3

of particles in each bin. We set the number of bins to 200, .
The gradientdn/dx(x,t) is computed from the five-point most everywhere. The core of the systéhe region around

. / : o x=1/2) is an exception, because symmetry requires that the
zm(:otrt\_ed d_entsrllt_y proﬂl;a_t(x)_,”l]n ordﬁrlto r'{edu((j:_ets_'[t;';ltltgtlca;l gradient is always zero in the center. Therefore, there re-
uctua |?ns n |§[_qua,nt| Y- .i". particie step bls IrEI u:;n o mains always @small) central region where transport is dif-
a.]tl;]mg /rgm pioss(l)lonx_ OOOZOSI |(;3nx_|8 g'zveg ylt a-(42) | fusive (not anomalous even at very strong fueling. Charac-
with (dn/dx) o= , 017 0.0 ando, =1.0c. Resulls are al- teristically, it shrinks in size as the fueling is increased but
ways evaluated after initial transients have died Qud.,

hen th tem h hed steady kstat never vanishes.
e comasponding ME io EG40 with - In an intermediate situation, between weak and strong
The corresponding ME is E@40) with 7p(x) =1 andp

: o : . fueling, the system is divided into two main regidie$. also
g|ven.by Eq.(42). .TO gdvange tin tlme, standard integration Refs. 29 and 30 a central region where transport is diffusive
techniques for stiff differential equations are appltéd.

and a periphery where the gradient is critidalg. 2). In the
central region, the slope of the profile can be computed, to

B. Convergence of the numerical CTRW model to the good approximation, afgising Eq.(35) and symmetry:
master equation
dn STD
To study the effect of the number of particles in the = =—|—5 (x=1/2). (44)
2

CTRW model on the results, we have run the code with
different fueling rates, while varying the critical gradient in The crossing-over point between the two regions is the
proportion to the fueling rate. Thus, these runs are equivalemgoint where|dn/dx|= (dn/dx),
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FIG. 3. Confinement time as a function of the fueling r&tél'he points are

results from program runs, the continuous line is the theoretical relationshifr|G. 4. CPU time per iteration as a function of the fueling r&teUpon
(which does not take account of the pedostigrived in the text. Belovd  ¢rossing the critical thresholtat S=0.04), there is a very important in-
=S,=0.04 the system is subcritical and the confinement time does nogrease in CPU time consumptigby 3 orders of magnitudereflecting the
depend orB. At low and intermediate values & the theoretical line agrees  fact that the stiffness is strongly increased directly above the transition from
well with the experimental points, although there is a small difference,subcritical to critical. Above the threshold, there is a gradual decrease of
caused by the pedestal. Finally, at the highest valu&saoiticality is lostin -~ CPU time asS increases, since increasirg implies a reduction in the
the periphery(the system is overdrivgrand the experimental points tend relative importance of the stiffness-producing term involving the steppdf
asymptotically to the anomalous scaling linfior which 7~11.24). in Eq. (29), so the integration routine can advance more rapittg ex-
pected scaling relatioty.p ;< 1/S is indicated in the figure Another equiva-

lent way of interpreting this graph is to consider the CPU time to be pro-
portional to the spatial disorder of the system.

dn

hutl I -1
dx) 0.02 S (45)

c

1 0'%
Xc— 35l =a—
€ STD

with our parameter choices. So, the critical power threshol@YStem confinemegt time scales as described in Appendix B
that must be overcome for the anomalous channel to becon&d- (B8), 7e7p /0], while at strong fueling it scales as

active is given by described in Appendix C1fx7p /). In neither of these lim-
5 iting cases does depend on the fueling. But when the
205 (dn system becomes critical and a mixing of zones characterized
.=——| =—| =0.04. (46) S
7o \ dX . by locally diffusive and anomalous transport occurs, a

gradual transition between the two limiting cases takes place,

Except for the pedestal contribution, the particle contenthich depends on the fraction of space occupied by the
of the system can easily be computed, since the gradients it\,nmalous channel and therefore @n

both regions are knowtthe gradient in the periphery being Interesting is also the plot of the CPU time used per
critical providedthe system is not overdriven, i.e., transport iteration (Fig. 4), since this is a direct measure of the com-
in the periphery is still characterized by a mixture of both plexity of the system: when the complexity is high, the sub-
transport channels, and not completely dominated by anomégeration time step is reduced accordingly, leading to an in-
lous transpoit Thus, we can integrate the curve sketched ingrease in overall CPU time consumption. The degree of
Fig. 2 (ignoring the unknown pedestaind find for the par-  omplexity(or disordey is related to the self-regulating char-

tial particle contSen(i.e., without the pedestal contribution  gcter of this system state, and is particularly high just above
D

(S<S.) the threshold, as is evident from the figure. It is associated
120% ¢ with complex fluctuating behavior in both space and time.
NpartiaI: 1/dn 0.421 dn\ 3 (47)
2\ ax) 392 | dx (S=S). D. Scaling of the confinement time with system size
c D c

i i , The generic scaling behavior obtained in the preceding
The confinement time can simply be evaluated from  so4ion can also be used to understand the scaling of the

=Niot/Sor s before. Taking into account that the result must,,tinement time with system size. Since we have normal-
tend to the anomalous limitr¢- 7p /1) for largeS, we find ;0 the system size to=1, a scaling of the system size is

T equivalent to a scaling af. The constant appearing in Eq.
1252 (S<S) (48) can be estimated numerically for our system and we find
o 72 c=0.45. In Fig. 5, we have plotted, i as a function of
Tpartial 1 /dn o5 [dn\® cmp o, andS (with o, =20>,). At each choice ofr,, the system
max -l 5y ) T @ ax) oy (S=S0) behaves as in the preceding section: at Bvthe system is
C c

fully diffusive (Gaussiaji at high S, the system is com-

(48) pletely anomalous; and in between, the system is critical. In
wherec is a constant. This behavior is reflected by the scarthe critical situation, the confinement time is determined al-
of S presented in Fig. 3. Clearly, in the weak fueling limit the most exclusively by the fueling and the critical gradient
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(dn/dx).; the waiting timerp and the step size, do not
play any significant role—or, in other words, they do not act 0.0
as the characteristic scales of the transport.

E. Rapid transport phenomena

The model produces rapid transport phenomena, whict. nx.H-<n(x.t)>
bear a remarkable similarity to the rapid phenomena ob-
served in fusion experiment-®*To demonstrate this effect,
we have taken the ME simulation correspondingte0.2 in
Sec. llIC. Fort<t,,=1001, the system is in steady state.
We induce an artificial “cold pulse” by setting(x,t;,)=0
for x=0.875. Then we follow the evolution of the system.
Figure 6 shows the time development rofx,t). The cold
pulse and its effects are clearly seen. The pulse creates
inward-propagating “cold” fronf(i.e., with reduced density
Figure 7 shows the same data, however, after subtracting td[ﬁ

FIG. 7. Graph ofn(x,t) —(n(x,t)). Cold pulse induced at,=1001.

steady state profile in order to stress the perturbation. The
cold front reaches the center of the systets (0.5) in about
At=0.1. This number should be compared to the confine-
gg]ent time for the syster(cf. Fig. 3: 7=70. Thus, the front
propagates nearly three orders of magnitude faster than
ight be expected from the global confinement time. Note
at the propagation is “ballistic” in the sense that it does not
slow down as it propagates, as would be expected for diffu-
sive propagatior{cf. Ref. 36 for experimental observations
of this effect in fusion plasmasThe propagation velocity is
related to the self-regulation mechanism of the system,
which activates or deactivates the rapid transport channel in
order to maintain the gradient close to critical.

1005

1004

1003 IV. DISCUSSION

time

As stated in the Introduction, transport in fusion plasmas
is exceedingly complex. Apart from classical diffusion
driven by collisions’’ many other mechanisms are known
that contribute to plasma transport. In this respect, we could
mention neoclassical transpdrt transport associated with
stochastic magnetic field$, and transport driven by turbu-
lence, associated with rational surfaces or zones with strong
gradients™* There is good evidence that most of these physi-
cal mechanisms may yield contributions to transport that are
non-Fickian!***°Recent tracer-particle simulations of resis-

% tive pressure-gradient-driven turbulence suggest that the ra-
dial excursion of the tracer particles scale with time as

B 0 ] (P2 (058

1002

1001

5 0 15 20 25 (49
nexo i.e., much higher than the value of 0.5 than is to be expected
FIG. 6. Graph ofn(x,t). Cold pulse induced at,=1001. from diffusive transporf?A similar value for this exponent
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has also been obtained in experiment, from the analysis dfy several author$?°Most of these studies were limited, by
density fluctuations measured at the edge of the DIlI-Dnecessity, to drawing analogies between plasma transport and
tokamak!® sandpile model&®3°42This limitation might be removed by
The main difference between the mentioned simulationsonsidering the current modeling framework. An investiga-
and more standard turbulence simulations is that, in th&ion into the self-organizing properties of this model is cur-
former, equilibrium profiles are evolved in time and the sys-rently underway, and a detailed analysis of these issues will
tem is driven weakly. In this situation, the local eddies thatbe the subject of a future paper.
are excited when an instability threshold is surpassed may One final issue needs to be mentioned before attempting
interact and dispose efficiently of the free energy excess, ani® construct a transport code based on these ideas. As said
bring the profile back below marginality—i.e., the eddies arebefore, our toy model assumes, for reasons of simplicity, an
allowed to affect the background profile. In this situation, theexponential distribution for the waiting time pdf's of the
spatiotemporal dynamics of the simulation self-regulate andvalkers. However, some recent estimations, obtained from
generate “emergent” behavior. experimental measurement and the modeling of turbulence
It is suggested that the cause for the appearancé\of Le suggest that a vy waiting-time pdf{with =0.8 (Refs. 15,
distributions in transport must be sought in the existencénd 18] might correspond better to what is observed. A care-
such a self-organizing mechanism, related to the presence &fl analysis of this issue must therefore be undertaken prior
an effective competition between the time scales associatdd the construction of a CTRW model for transport in the
with the driving rate and the local energy redistribution rate.corresponding plasmas.
This state of events may indeed be present at certain stages
in a confined plasmdL mode. For .this reason, it seems V. CONCLUSIONS
reasonable to expect that transport in fusion plasmas may be
better described by evolution equations that are not limited to  In summary, we have proposed a model, well-anchored
Fickian (classical diffusive transport:® in theoretical and experimental results that may provide a
In the present article we propose a general framework t@ath towards a unified transport framework for describing
explore this conjecture, which might provide a first step to-the experimental phenomenology of global transport. It is
wards reaching a satisfactory description of these phenomersased on simple physical principles, viz.(reonlineaj gen-
in the near future. The non-Fickian transport channel is moderalization of Brownian motion to lwy probability distribu-
eled by means of a particle step pdf that takes the form of &ons. In spite of their conceptual simplicity, the underlying
Levy distribution. But, at the same time, it accomodates thephysical principles considered represent a significant philo-
important phenomenon of “power degradation” within the sophical departure from the standard Fickian transport para-
description by means of a nonlinear modification of the stegligm, dominant in the analysis of transport in fusion plasmas
pdf, rather similar to the way this issue is handled in theup to date, although the model presented contains Fickian
standard Fickian transport framewd¥kin contrast to the transport as a special case.
latter, however, the present description permits the extrapo- We believe that this kind of approagaither in the form
lation of transport properties to larger systems, since the relef a master equation, as in this article, or by means of some
evant quantitiesi.e., «, o, etc) are independent of the sys- other equivalent formalisjrmay lead to the construction of a
tem size(cf. Appendix D. full-blown transport code that might provide a better under-
We have also built a “toy model” that incorporates all standing of the remarkable scaling properties of fusion plas-
these ingredients and that, as a result, exhibits anomalousas. Indeed, the simple model examined in this paper al-
transport and power degradation. The resulting feedbackeady shows that capturing this complicated phenomenology
mechanism also leads to “stiff” profiles, reminiscent of the within such a framework appears to be possible. Extensions
phenomenon of “profile consistency® encountered in con- involving several coupled fields, with a number of probabil-
fined plasmas. The main physical element used to construdly distribution functions(either derived from microscopic
the toy model, namely a critical gradient that switches domitransport theory or measured directly from the experiment
nance of transport between a Fickian and a non-Fickiafior modeling the relevant microscopic transport mechanisms,
channel, is inspired by the phenomenology observed in fumight also be considered. Finally, we remark that the mod-
sion experiments. Indeed, the theory of plasma instabilitiegling framework proposed here is quite ample and may find
teaches us that manifold instabilities are triggered when locapplications in fields other than fusion research, such as spa-
gradient thresholds are overcome. Such is the case for dibtemporal chaos, fluid turbulence, chemical reaction-
pressure-driven modes. The fast non-Fickian transport chamliffusion problems, etc.
nel, activated when the gradients exceed a threshold value, is
;uggested by turbulence S|mulat|ons that show that the eﬁeﬁCKNOWLEDGMENTS
tiveness of turbulence to drive transport depends strongly on
the departure of the gradient above the critical gradient. This research was sponsored in part by DGIQDIrec-
Thus, transport is discontinuous through this limit, or at leastion General de Investigaciones Ciditaas y Technolgicas
strongly nonlinear. of Spain under Project No. FTN2000-0924-C03-02. Part of
We believe that the proposed approach might also be thenis research was supported by Spanish DGES Project Nos.
best framework to explore the relevance of the ideas of selfFTN2003-04587 and FTN2003-08337-C04-01. Part of this
organized criticality(SOQ to plasma transport, as claimed research has been carried out at Oak Ridge National
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000R22725.
We wish to study the behavior of the confinement time

for a step size pdfp(x—x’,x"), and with .= and
, S(x,t)=S(x). Equation(29) becomes
APPENDIX A: LE VY DISTRIBUTIONS

an(xt)y 11 S,
A random variable that is the sum of independent FrE fo n(x’,Hp(x—x",x")dx"—n(x,t)
identically distributed(i.i.d.) random variables is distributed
according to a ey distribution in the limit of largeN (theo- +S(X). (B1)

rem due to Khintchine and ‘g, proof by Gnedenko and
Kolmogoro). When the first and second statistical mo-
ments(the mean and variangef the i.i.d. variables are fi-
nite, then the limit distribution of their sum is a particular n(x’,t)=n(x—Ax,t)
Levy distribution known as the Gaussian distribution, which
explains the ubiquity of the latter in nature. Yet non-Gaussian an  Ax? #n
Lévy distributions have been observed in many processes in = n(x,t)—Angr o a2 (B2)
different branches of sciencef. Ref. 13 and references
therein; the interest of non-Gaussian \nedistributions lies  Next, we assume thgi(x—x’,x")=p(Ax,x") is a narrow
here in the fact that the random walk associated with sucifunction, peaking at\x=0, satisfying
distributions is very different from the ordinary random walk .
(Brownian motion, and leads to anomalous diffusiéh. f P(AX,Xx—AX)dAx=1,

No explicit expression for the vy distributions exists, -
but their characteristic functions

( il ok Ta )
exp — ok 1—|Bmta > +iuky,

a#1 J AXPp(AX,x— AX)dAX= 202

We will use a Taylor expansion fan(x’,t), defining

!

X' '=x—AX:

f AXp(AX,Xx—Ax)dAx=0, (B3)

Po= 2k
eXF{—U|k| 1+iﬂm|n|k|) +iﬂk}, If o<x<1-o (and therefore alser<1), the integra-
tion limits in Eq. (B1) can be extended to infinity and we
| a=1. obtain, after substituting EqB2) into Eq. (B1) and using
(A1) Eq. (B3):

The Levy distributions are characterized by four param- g5 52 42n 2n
eters: their mean-{ o< <), their scale or width (& o —=—-——51+S=D——=+5 (B4)

gt 1p IX ax

<), their skewness{ 1< 8=<1), and their stability or de-
cay index (6<a=<2). The distributionP(x) can be found \hich is the standardFickian) diffusion equation, valid in
numerlcally_, with any required precision, by takmg the in- most of the region &x=<1, except near the boundaritie
verse Fourier transform of a discrete representation of Eqy the failure of the approximation involving the infinite lim-
(AD). ] ) S _its in Egs.(B3)], and for all p’s satisfying Egs.(B3). An

~ The symmetrica-stable Ley distributions referred to in - 5 qgitional convection term is obtained if the second require-
this article are a subclass of EAL), defined byu=B=0.  ment of Eq.(B3) is relaxed. According to the central limit
We define theorem, any PDF satisfying E4B3) will converge to a

Gaussian shape when n"é%ny individual steps of the particles
= o i ] in the system are summéd.
PaynlX,,0) f PUL,-p-oexilikxdk (A2) Thus we find that the standard diffusion result is recov-

ered in this approximation. The corresponding static solution

The symmetric a-stable distribution witha=2 and (on/at=0) can be found from EqB1):

scale o is equal to a Gaussian with widtw=v20:P(x)
=exd —x%(40?))V[207]. The symmetrica-stable distribu- x
tion with =1 and scaler is equal to a Cauchy distribution ”(X)“j mn(x’)p(x—x’,x’)dx’ +S(X)7p, (BS)
with width o:P(x) = o/[ (0% +x?)].

A sequence of random numbers corresponding to the disvhere we have extended the integration limits to infinity for
tributions Eq.(A2) can be generated efficiently using the simplicity. This equation permits us to find easy approximate
technique described in Ref. 44; namely, by computing theanalytical solutions in concrete cases. EquaiiBb) deter-
sum of independent random variables with the correct distriminesn(x) up to a constant if we impose symmefm(x)
bution of the “tail,” which converges automatically to the =n(1—x)]. To find this constant, one must impose particle
required Lay distribution. balance:
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raa)-r)= wa'ln(x’)p(x—x’,x’)dx’dx
1J0

0 1
+f f n(x")p(x—x’,x")dx"dx=Sy;.
—xJ0

(B6)

By way of example, assume the step distribution is a

Gaussianp(x—x’,x')=p(x—x"), with width w=v20:
exd — Ax?/(407)]
20'\/; .

For S(x) =S, we expandi(X) =ny+n;x(1—x) (ignor-
ing higher-order termssolve forn, using Eq.(B5), and then
evaluater using Eq.(33). For simplicity, the constamy is
not evaluated, although it might be found using E8g). We
find

p(AX) (B7)

7D No
1202 5y

For S(x)=6Syx(1—x), we expand n(x)=ng+n;Xx
X (1—x) +n,x?(1—x)?, solve forn; andn, using Eq.(B5)

and find
( 1 1\ ng
= +=]+—.
TP 1002 2) sy

In these expressions, only the leading tefosually
dominant fore small) is due to transport inside the system;
but additionally, there is a termn{/S,) that depends only on
o (it does not depend on eithep or S), which is associated
with the density pedestal, due to the finite size of the
system.

T=

(B8)

(B9)

APPENDIX C: STEADY STATE WITH AN a-STABLE
LEVY DISTRIBUTION
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FIG. 8. In this plot, two step pdf's are compared. One is a Gaussian distri-
bution witha=2 ando=0.0142 [i.e., with a standard deviation of 0.0df.
Appendix A)]. The second is a lwy or Cauchy distribution withv=1 and
0=0.01. The Gaussian distribution has been divided by a factor 1.8 to
emphasize the similarity of the central part of the distribution. The appar-
ently unimportant difference in the tails of these distributions has the re-
markable effect that the global confinement time, obtained after solving the
transport equations as in Appendix®ith =1 andS(x)=1], differs by
more than a factor 40.

Since o is assumed to be small and>0, 1—e 7 lk*
~o?k|%, so that
D
n(x)~ e f(x), (C6)

where we have use8(x)=Sys(x) with [s(x)dx=1. This
leads to the confinement scaling 7 /o (cf. Fig. 8.
As an example, we tak&(x)=S,[O(x)—0O(x—1)],

where O(x) is the Heaviside function. ThenS(k)
=iSy(e " *—1)/k and
Sorp (7 Tk ikx
n(x)~2mraf_x K (e =1)e"*dk. (C7)

When the step probability distribution is a symmetric This integral diverges in general. However, its Cauchy prin-

a-stable Ley distribution with zero mean, its Fourier trans-
form is given by(cf. Appendix A

p(k)=exp(—a“|k[). (CD

First, we study the static solution, given by E&5) in the
limit of small o, repeated here for convenience:

n(x)~J':n(x’)p(x—x’)dx’+S(x)7-D. (C2

Further on we will discuss the consequences of firite
Equation(C2) can be Fourier transformed to yield:

n(k)=n(k)p(k) +S(k) 7p (C3
or
S(k)7p
Fourier-inverting Eq(C4) yields
™ (¥ S(k) ikx
n(x)= Efm—(l_e—”“k“)ek dk. (C5

cipal value is

SoT]

mo

aTT

2F(—a)sin< 5

n(x)~— [x*+(1-x)  (C8

(only valid for 0<x=<1 and noninteger positive values @f.

APPENDIX D: SCALING BREAKDOWN OF THE
DIFFUSIVE APPROACH WITH a-STABLE
LEVY DISTRIBUTIONS

The validity of the approximation EdB5), used in Ap-
pendix C, is however questionable for finite in particular
when the step probability distribution is a\yedistribution,
since the mean and standard deviation of the step size may
diverge. Then, the presence of the system boundaries is
“felt” throughout the system, in contrast to the Gaussian
case, where the presence of the system boundaries may be
neglected for small but finiter. This effect leads to addi-
tional “diffusive” and “convective” terms in the approxi-
mate diffusive equation corresponding to the system, which
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FIG. 9. Scaling of the finite-size moments(x,«,0), i=0,...,2 of the
step pdf, according to EqD2), for step pdf's withe=1 ande=2, atx

=0.75(i.e., halfway between the center and the edge of the sysfEne
moments become independent @ror small o in the casen=2, whereas
the moments always depend orin the casex=1. The implication of this

is that transport coefficienignoments obtained in systems of a given size

van Milligen, Sanchez, and Carreras

pend explicitly on the parameters of the distributitwere,«
ando). Sinceo is the width of the step distribution, normal-
ized to the system size, this means that, in general, the coef-
ficients u; appearing in the diffusion equation depend on the
system size. This effect is shown graphically in Fig. 9. In
other words, when a given experiment is modeled by an
equation of the type EqD2), the coefficients that are thus
obtained cannot be used to predict what would happen in a
similar system of, e.g., twice the size of the system studied.
The pdf itself, however, does allow scaling and determining
the pdf of transport therefore provides a valid method to
make scaling predictions.
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